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Abstract. We propose a Traffic Light approach to backtesting Expected
Shortfall which is completely consistent with, and analogous to, the Traffic

Light approach to backtesting VaR initially proposed by the Basel Committee
on Banking Supervision in their 1996 consultative document [5]. The approach

relies on the generalized coverage test for Expected Shortfall developed in [6].

1. Introduction

Even before the initial Basel Committee consultative document [10] there had
been a push by both risk managers and academics to replace VaR with another risk
measure that addresses VaR’s deficiencies. In particular, coherent risk measures
[2, 3, 13] satisfy the basic desired properties required by a risk measure as outlined
in [4]. Expected Shortfall is the natural choice among all coherent risk measures
and and therefore no surprise that it has been chosen by the Basel Committee as
the risk measure to replace VaR. However, unlike the case of VaR, there is no well-
established backtesting framework for Expected Shortfall. Indeed the current Basel
proposal to backtest ES at the 97.5 quantile is to backtest the related VaR esti-
mate at the 97.5 and 99 quantiles which is a grossly insufficient test. Nevertheless
some recent backtesting methods have been proposed including, but not limited to,
[1, 6, 8, 9, 11, 15].

The main result of this paper is the development of a Traffic Light backtest for
Expected Shortfall which extends the Traffic Light backtest for VaR. The test relies
on the computation of critical values derived from the finite-sample distribution of
the ES test statistic (3.5) first introduced in [6].

The note is organized as follows. In Section 2 we briefly review the VaR Cov-
erage Test to provide context for out ES Traffic Light test. In Section 3 we define
the Traffic Light test for ES and compute the distribution of the finite-sample test
statistic from which we calculate the critical values using a root-finding algorithm.
Finally in Section 4 we discuss the test and some implications.

2. Review of the VaR Traffic Light Test

Let {ti}Ni=0 be a sequence of historical trading days and {Li}Ni=1 the correspond-
ing realized trading losses. The most basic approach to assess the accuracy of a VaR
forecast calculation for those trading days is to backtest using the VaR Coverage
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Test which essentially counts the number of VaR breaches. This leads to the Traffic
Light approach to backtesting VaR originally proposed by the Basel Committee for
Banking Supervision in [5] which we describe below.

For each i = 1, ..., N , let VaRi(α) denote the forecast VaR at level α defined by

(2.1) VaR(α) := inf{z ∈ R : FL(z) ≥ α}
where FL is the cumulative distribution of the random loss variable L. For each

trading day i we define the VaR breach indicator X
(i)
VaR : [0, 1]→ {0, 1} as

(2.2) X
(i)
VaR(α) := 1{Li≤VaRi(α)} =

{
0 if Li > VaRi(α)
1 if Li ≤ VaRi(α).

That is, X
(i)
VaR keeps track of whether a breach occurred for trading day i. Then

the total number of breaches over all N trading days, denoted by XN
VaR : [0, 1] →

{0, 1, 2, ..., N} is

XN
VaR(α) :=

N∑
i=1

1{Li≤VaRi(α)}(2.3)

Under the null hypothesis that the VaR model is correct, E[XN
VaR(α)] = Nα.

Thus for the Basel parameters α = 1% and N = 250 we expect 2.5 breaches. Of
course, in any backtest it is very rare that one observes exactly 2.5 breaches (in fact
impossible since XN

VaR must be an integer) and thus we appeal to statistical analysis
to understand the probability of obtaining significantly fewer or more breaches than
would be expected if we had a correct model. For fixed N and level α we define

the cumulative probability Ψα,N
VaR of obtaining x or fewer breaches as

Ψα,N
VaR(x) := P[XN

VaR(α) ≤ x](2.4)

The Basel Committee on Banking Supervision proposed a Traffic Light approach to
statistical significance of VaR breaches in their 1996 document [5]. There the Basel
Committee defines three color zones through cumulative probabilities of the num-
ber of realized VaR breaches. The Green Zone is defined as the number of breaches
whereby the cumulative probability of obtaining that many breaches or fewer is
less than 95%. The Yellow Zone is defined as the number of breaches whereby the
cumulative probability of obtain that many breaches or fewer is greater than 95%
but less than 99%. And finally the Red Zone is defined by a cumulative probability
of 99.99% or more. Thus the boundary between the Green and Yellow zones is de-

fined as the largest integer x such that Ψα,N
VaR(x) < 0.95 and the boundary between

the Yellow and Red zones is similarly defined as the largest integer x such that

Ψα,N
VaR(x) < 0.9999.

Table 1 gives the resulting color zones for different breaches values under the
VaR Basel parameters α = 1% and N = 250 observations. The true Binomial
Null Distribution is used to compute the Cumulative Probabilities rather than the
asymptotic Normal distribution.
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Basel Traffic Light Approach to VaR

Zone Breach Value Cumulative Probability

Green

0 8.11 %
1 28.58 %
2 54.32 %
3 75.81 %
4 89.22 %

Yellow

5 95.88 %
6 98.63 %
7 99.60 %
8 99.89 %
9 99.97 %

Red more than 10 99.99 %

Table 1. Traffic Light zone boundaries are computed assuming
α = 1% and N = 250 observations.

3. Derivation of the Expected Shortfall Traffic Light Test

We now define a Traffic Light approach to backtesting Expected Shortfall based
on the Coverage Test in [6]. The test relies on an appropriate extension of the VaR
breach indicator (2.2) to the case of ES. The resulting new breach indicator (3.2)
is a generalized breach indicator that takes into account the severity of the breach
(i.e. losses beyond the VaR level).

We begin by defining Expected Shortfall as

ES(α) :=
1

α

∫ α

0

VaR(p) dp(3.1)

In analogy to X
(i)
VaR (2.2), we define the ES generalized breach indicator X

(i)
ES :

[0, 1]→ [0, 1] by

X
(i)
ES(α) :=

1

α

∫ α

0

1{Li≤VaRi(p}dp(3.2)

=

(
1− FL(Li)

α

)
︸ ︷︷ ︸

severity of the breach

1{Li≤VaRi(α)}(3.3)

= θ(i)(α) ·X(i)
VaR(3.4)

where have used (2.2) and have set θ(i)(α) = 1−FL(Li)/α where FL is the cumula-

tive distribution implicitly defined in (2.1). We note that compared to X
(i)
VaR (2.2),

X
(i)
ES (3.2) has an extra term F (Li)/α which determines the severity of the breach.

That is, suppose Li = VaRi. Then F (Li)/α = 1 so X
(i)
ES = 0 whereas X

(i)
VaR = 1.

On the other hand suppose Li is very negative. Then F (Li) = 0 so that X
(i)
ES = 1

and similarly X
(i)
VaR = 1. Thus X

(i)
ES keeps track of whether a breach happened on
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trading day i as well as the severity. Then the total severity of breaches over all N
trading days, denoted by XN

ES : [0, 1]→ [0, N ] is

XN
ES(α) :=

N∑
i=1

1

α

∫ α

0

1{Li≤VaRi(p)}dp

=

N∑
i=1

(
1− F (Li)

α

)
1{Li≤VaRi(α)}

=

N∑
i=1

θ(i)(α)X
(i)
VaR(α)

(3.5)

For fixed N and level α we define the cumulative probability Ψα,N
ES of obtaining x

or fewer breaches as

Ψα,N
ES (x) := P[XN

ES(α) ≤ x](3.6)

Therefore, for any quantile q, we can compute the corresponding Breach Value x
by inverting the equation

sup
x∈[0,∞)

Ψα,N
ES (x) < q(3.7)

Therefore, using the same definitions of Green, Yellow and Red zones as in the
Basel Traffic Light approach for VaR [5] we have that the boundary between the
Green and Yellow zones is given by

BoundaryGY := sup
x∈[0,∞)

Ψα,N
ES (x) < 0.95(3.8)

and the boundary between the Yellow and Red zones is given by

BoundaryYR := sup
x∈[0,∞)

Ψα,N
ES (x) < 0.9999(3.9)

To compute these boundaries, and other values of x one needs to compute the
distribution of the test statistic XN

ES(α) under the null-hypothesis and get the crit-
ical values for the appropriate quantile. A similar argument as in [6] shows that for
any α ∈ (0, 1),

√
N
(
XN

ES(α)− µES

) D
−−−−→
N→∞

N (0, σ2
ES).(3.10)

where

µES =
1

2
αN(3.11)

σ2
ES = α

(
4− 3α

12

)
.(3.12)

and hence
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lim
N→∞

XN
ES(α) ∼ N (µES, σ

2
ES)(3.13)

Hence as a crude approximation, we can compute (3.8) and (3.9) using the as-
ymptotic test distribution (3.13) to obtain Boundaryapprox

GY = 5.4768 and Boundaryapprox
Y R =

9.2229. These values are approximate since they use the asymptotic distribution

Ψα,∞
ES (x) of the test statistic rather than the finite-sample one Ψα,N

ES (x). We now

derive the finite-sample distribution Ψα,N
ES (x) and using a numerical root-finding

procedure to accurately estimate the critical values.

The derivation of the ES traffic-light test relies on the computation of the finite-
sample cumulative distribution of the test statistic XN

ES(α) (3.5). A key observation

in the derivation is that under the null-hypothesis, the distribution of X
(i)
ES(α) con-

ditional on a breach having occurred is uniform in the tail, and thus using the law
of total probability we have

P[XN
ES(α) ≤ x] =

∞∑
n=1

P
[
XN

ES(α) ≤ x | XN
VaR(α) = n

]
· P[XN

VaR(α) = n]

=

∞∑
n=1

In(x) ·B(n,N, α)

(3.14)

where In(x) is the Irwin-Hall distribution (c.f. [12, 14, 16] defined by

In(x) =
1

2(n− 1)!

n∑
k=0

(−1)k
(
n

k

)
(x− k)n−1sgn(x− k)(3.15)

and B(n,N, α) binomial probability mass function

B(n,N, α) =

(
n

N

)
αn(1− α)N−n(3.16)

We then use this probability calculation (3.14) and a root-finding algorithm to solve
the equation

P[XN
ES(α) ≤ Boundary] = q(3.17)

for Boundary where q is the appropriate quantile level. In particular assuming
the Basel parameters α = 2.5% and N = 250, then for q = qGY = 0.05 and
q = qYR = 0.0001 we obtain

BoundaryGY = 5.7049(3.18)

BoundaryY R = 9.8833(3.19)

Table 2 gives the resulting quantiles and color zones for different breach values
under the ES Basel parameters α = 2.5% and N = 250 observations where the cu-
mulative probabilities were computed using (3.14). Of particular note is the breach
values and cumulative probabilities for Expected Shortfall at the 97.5 quantile (i.e.
α = 2.5% are very similar to the VaR values at the 99 quantile (i.e. α = 1%). In
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addition, the finite-sample Breach Value at the 50th quantile (3.0276) is very similar
to the asymptotic Breach Value at the 50th quantile (α2N = 250 ∗ 0.025/2 = 3.125)

Traffic Light Approach to Expected Shortfall

Zone Generalized Breach Value Cumulative Probability

Green

0 0.18 %
2.1131 25 %
3.0276 50 %
4.0520 75 %
5.0622 90 %
5.7049 95 %

Yellow

5.7049 95 %
6.9844 99 %
8.5285 99.9 %
9.8833 99.99 %

Red more than 9.8833 99.99 %

Table 2. Expected Shortfall Traffic Light zone boundaries are
computed assuming α = 2.5% and N = 250 observations.

4. Discussion

First, the values and quantiles for VaR at α = 1% are similar to the values and
quantiles for ES at α = 2.5%. This happens since there are more VaR breaches at
α = 2.5% than at α = 1% but the severity of the breach in ES is smaller than unity
so these two mechanisms average each other out.

We also note that along with color zones, the Basel document [5] defines market
risk capital multipliers based on the cumulative probability CVaR of the number of
realized exceptions, XVaR. In particular, an inflation factor kVaR ranging from 0
to 1 is given depending on the number of breaches., i.e. kVaR = fVaR(CVaR) for
some function fVaR. The same can obviously be done for Expected Shortfall, i.e.
kES = fES(CES) for some function fES.

5. Conclusion

By defining an appropriate breach statistic (3.2) that measures the severity of
each breach and using the results in [6, 7] we propose a Traffic Light test for
Expected Shortfall using the finite-sample distribution of the test statistic under
the null hypothesis. The test itself as well as the actual values of the zone boundaries
are analogous to the Basel Traffic Light test for VaR.
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