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ABSTRACT. We propose a Traffic Light approach to backtesting Expected
Shortfall which is completely consistent with, and analogous to, the Traffic
Light approach to backtesting VaR initially proposed by the Basel Committee
on Banking Supervision in their 1996 consultative document [5]. The approach
relies on the generalized coverage test for Expected Shortfall developed in [6].

1. INTRODUCTION

Even before the initial Basel Committee consultative document [10] there had
been a push by both risk managers and academics to replace VaR with another risk
measure that addresses VaR’s deficiencies. In particular, coherent risk measures
[2, 3, 13] satisfy the basic desired properties required by a risk measure as outlined
in [4]. Expected Shortfall is the natural choice among all coherent risk measures
and and therefore no surprise that it has been chosen by the Basel Committee as
the risk measure to replace VaR. However, unlike the case of VaR, there is no well-
established backtesting framework for Expected Shortfall. Indeed the current Basel
proposal to backtest ES at the 97.5 quantile is to backtest the related VaR esti-
mate at the 97.5 and 99 quantiles which is a grossly insufficient test. Nevertheless
some recent backtesting methods have been proposed including, but not limited to,
[1, 6, 8,9, 11, 15].

The main result of this paper is the development of a Traffic Light backtest for
Expected Shortfall which extends the Traffic Light backtest for VaR. The test relies
on the computation of critical values derived from the finite-sample distribution of
the ES test statistic (3.5) first introduced in [6].

The note is organized as follows. In Section 2 we briefly review the VaR Cov-
erage Test to provide context for out ES Traffic Light test. In Section 3 we define
the Traffic Light test for ES and compute the distribution of the finite-sample test
statistic from which we calculate the critical values using a root-finding algorithm.
Finally in Section 4 we discuss the test and some implications.

2. REVIEW OF THE VAR TRAFFIC LIGHT TEST

Let {t;}V, be a sequence of historical trading days and {L;}X; the correspond-
ing realized trading losses. The most basic approach to assess the accuracy of a VaR
forecast calculation for those trading days is to backtest using the VaR Coverage



Test which essentially counts the number of VaR breaches. This leads to the Traffic
Light approach to backtesting VaR originally proposed by the Basel Committee for
Banking Supervision in [5] which we describe below.

For each i = 1,..., N, let VaR;(a) denote the forecast VaR at level « defined by

(2.1) VaR(a) :=inf{z € R: F(z) > a}

where Fy, is the cumulative distribution of the random loss variable L. For each
trading day ¢ we define the VaR breach indicator X\(/QR :[0,1] — {0,1} as

©) L o 0 ifL; > VaRi(a)
(22) Xvar(@) = Lz, <var,(a)} = { 1 if L; < VaRi(a).

That is, X\(,QR keeps track of whether a breach occurred for trading day i. Then
the total number of breaches over all N trading days, denoted by X& : [0,1] —
{0,1,2,...,N}is

N
(2.3) XPr(@) =D 1L, <vari(a))

i=1

Under the null hypothesis that the VaR model is correct, E[X{ (a)] = Na.

Thus for the Basel parameters a = 1% and N = 250 we expect 2.5 breaches. Of
course, in any backtest it is very rare that one observes exactly 2.5 breaches (in fact
impossible since X{};R must be an integer) and thus we appeal to statistical analysis
to understand the probability of obtaining significantly fewer or more breaches than
would be expected if we had a correct model. For fixed N and level o we define
the cumulative probability ‘If{",g{ of obtaining x or fewer breaches as

(2.4) TR (@) = PX R (@) < 2]

The Basel Committee on Banking Supervision proposed a Traffic Light approach to
statistical significance of VaR breaches in their 1996 document [5]. There the Basel
Committee defines three color zones through cumulative probabilities of the num-
ber of realized VaR breaches. The Green Zone is defined as the number of breaches
whereby the cumulative probability of obtaining that many breaches or fewer is
less than 95%. The Yellow Zone is defined as the number of breaches whereby the
cumulative probability of obtain that many breaches or fewer is greater than 95%
but less than 99%. And finally the Red Zone is defined by a cumulative probability
of 99.99% or more. Thus the boundary between the Green and Yellow zones is de-
fined as the largest integer x such that \Ilix,all\){(x) < 0.95 and the boundary between
the Yellow and Red zones is similarly defined as the largest integer x such that
TR () < 0.9999.

Table 1 gives the resulting color zones for different breaches values under the
VaR Basel parameters a = 1% and N = 250 observations. The true Binomial
Null Distribution is used to compute the Cumulative Probabilities rather than the
asymptotic Normal distribution.
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Zone Breach Value | Cumulative Probability
8.11 %

28.58 %

54.32 %

75.81 %

89.22 %

95.88 %

98.63 %

99.60 %

99.89 %

99.97 %

Red more than 10 | 99.99 %

TaBLE 1. Traffic Light zone boundaries are computed assuming

a = 1% and N = 250 observations.
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3. DERIVATION OF THE EXPECTED SHORTFALL TRAFFIC LIGHT TEST

We now define a Traffic Light approach to backtesting Expected Shortfall based
on the Coverage Test in [6]. The test relies on an appropriate extension of the VaR
breach indicator (2.2) to the case of ES. The resulting new breach indicator (3.2)
is a generalized breach indicator that takes into account the severity of the breach
(i.e. losses beyond the VaR level).

We begin by defining Expected Shortfall as

(3.1) ES(a) := ;/Oa VaR(p) dp

In analogy to X\(,ia)R (2.2), we define the ES generalized breach indicator ng) :

[0,1] = [0, 1] by

. ]_ o
(3.2) X5 (@) = &/ Lir,<var,(p}dp
0
Fr (L
o2 - (1 B8) 1y

severity of the breach

(3.4) =609 (a) - X\(;)R

where have used (2.2) and have set ) (o) = 1 — Fp,(L;) /o where Fy, is the cumula-
tive distribution implicitly defined in (2.1). We note that compared to X\(,ia)R (2.2),
X]EZZS) (3.2) has an extra term F'(L;)/« which determines the severity of the breach.
That is, suppose L; = VaR;. Then F(L;)/a =1 so ng) = 0 whereas X\(,ZR =1
On the other hand suppose L; is very negative. Then F(L;) = 0 so that ng) =1

and similarly X\(,QR = 1. Thus Xg% keeps track of whether a breach happened on
3



trading day ¢ as well as the severity. Then the total severity of breaches over all NV
trading days, denoted by X2% : [0,1] — [0, N] is

WE
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Xhs(a) = 5/0 Lir,<var,(p)}1dp
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For fixed NV and level o we define the cumulative probability \I/%’SN of obtaining x
or fewer breaches as

(3.6) e (z) = P[XE5(a) < 2

Therefore, for any quantile ¢, we can compute the corresponding Breach Value x
by inverting the equation

(3.7) sup U3 (2) < g

z€[0,00)
Therefore, using the same definitions of Green, Yellow and Red zones as in the
Basel Traffic Light approach for VaR [5] we have that the boundary between the
Green and Yellow zones is given by

(3.8) Boundarygy := s[up )\If%’SN(J;) < 0.95
x€[0,00

and the boundary between the Yellow and Red zones is given by

(3.9) Boundaryyg := sup ‘I’%’SN(JJ) < 0.9999
z€[0,00)

To compute these boundaries, and other values of z one needs to compute the
distribution of the test statistic Xévs () under the null-hypothesis and get the crit-
ical values for the appropriate quantile. A similar argument as in [6] shows that for
any a € (0,1),

D
(3.10) VN (X5(e) — pps) —— N(0,0%g)-
where

1
(311) HES = 50[]\7

4 — 3«

3.12 2. = .
( ) Ops = & ( 12 )
and hence



(3.13) lim Xgg(a) ~ N (ums, ogs)
N—o00

Hence as a crude approximation, we can compute (3.8) and (3.9) using the as-
ymptotic test distribution (3.13) to obtain Boundarygy, - = 5.4768 and Boundary3'y,
9.2229. These values are approximate since they use the asymptotic distribution
W (x) of the test statistic rather than the finite-sample one Uiz (). We now
derive the finite-sample distribution \II%SN(x) and using a numerical root-finding

procedure to accurately estimate the critical values.

The derivation of the ES traffic-light test relies on the computation of the finite-
sample cumulative distribution of the test statistic X ¥¢ () (3.5). A key observation

in the derivation is that under the null-hypothesis, the distribution of ng (a) con-
ditional on a breach having occurred is uniform in the tail, and thus using the law
of total probability we have

where 7, (z) is the Irwin-Hall distribution (c.f. [12, 14, 16] defined by

(3.15) To(z) = ﬁ ;(_1)k (Z’) (x — k)" Lsgn(z — k)

and B(n, N, ) binomial probability mass function

(3.16) B(n,N,q) = (;;) a™(1— a)N-"n

We then use this probability calculation (3.14) and a root-finding algorithm to solve
the equation

(3.17) P[X25(a) < Boundary] = ¢

for Boundary where ¢ is the appropriate quantile level. In particular assuming
the Basel parameters o = 2.5% and N = 250, then for ¢ = ggy = 0.05 and
q = gyr = 0.0001 we obtain

(3.18) Boundary 4y = 5.7049
(3.19) Boundaryy p = 9.8833

Table 2 gives the resulting quantiles and color zones for different breach values
under the ES Basel parameters a = 2.5% and N = 250 observations where the cu-
mulative probabilities were computed using (3.14). Of particular note is the breach
values and cumulative probabilities for Expected Shortfall at the 97.5 quantile (i.e.
a = 2.5% are very similar to the VaR values at the 99 quantile (i.e. @ = 1%). In
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addition, the finite-sample Breach Value at the 50th quantile (3.0276) is very similar
to the asymptotic Breach Value at the 50th quantile (§N = 250 %0.025/2 = 3.125)

TRAFFIC LIGHT APPROACH TO EXPECTED SHORTFALL \

Zone Generalized Breach Value | Cumulative Probability
0 0.18 %
2.1131 25 %
Green | 3.0276 50 %
4.0520 5 %
5.0622 90 %
5.7049 95 %
5.7049 95 %
6.9844 99 %
Yellow | 8.5285 99.9 %
9.8833 99.99 %
Red more than 9.8833 99.99 %

TABLE 2. Expected Shortfall Traffic Light zone boundaries are
computed assuming a = 2.5% and N = 250 observations.

4. DISCUSSION

First, the values and quantiles for VaR at o = 1% are similar to the values and
quantiles for ES at o = 2.5%. This happens since there are more VaR breaches at
a = 2.5% than at « = 1% but the severity of the breach in ES is smaller than unity
so these two mechanisms average each other out.

We also note that along with color zones, the Basel document [5] defines market
risk capital multipliers based on the cumulative probability Cy,g of the number of
realized exceptions, Xvy,g. In particular, an inflation factor ky,r ranging from 0
to 1 is given depending on the number of breaches., i.e. kvar = fvar(Cvar) for
some function fyar. The same can obviously be done for Expected Shortfall, i.e.
krs = frs(Crs) for some function fgs.

5. CONCLUSION

By defining an appropriate breach statistic (3.2) that measures the severity of
each breach and using the results in [6, 7] we propose a Traffic Light test for
Expected Shortfall using the finite-sample distribution of the test statistic under
the null hypothesis. The test itself as well as the actual values of the zone boundaries
are analogous to the Basel Traffic Light test for VaR.

REFERENCES

[1] C. AcERBI & B. SZEKELEY, Back-testing expected shortfall, Risk Magazine, November, 2014.
[2] C. AcerBI & D. TASCHE, Ezpected Shortfall: a natural coherent alternative to Value at
Risk, Volume 31, Issue 2 July 2002, Pages 379388.

6



[3] C. AcerBI & D. TASCHE, On the Coherence of Expected Shortfall, 2002, vol. 26, issue 7,
1487-1503.

[4] P. ARTZNER, F. DELBAEN, J.M. EBER, & D. HEATH, Coherent Measures of Risk, Mathe-
matical Finance, Vol. 9, No. 3 (July 1999), 203228

[5] BASLE COMMITTEE ON BANKING SUPERVISION, Supervisory Framework For The Use of Back-
testing in Conjunction With The Internal Models Approach to Market Risk Capital Require-
ments, 1996. Available at www.bis.org.

[6] N. CosTANZINO & M. CURRAN, Backtesting General Spectral Risk Measures with Application
to Expected Shortfall, Journal of Risk Model Validation, March 2015, pp 21-31.

[7] S. CLIFT, N. CosTANZINO, & M. CURRAN, Comparison of Backtesting Methods for Expected
Shortfall, Preprint, 2015.

[8] Z. DU & J.C. ESCANCIANO, Backtesting Expected Shortfall: Accounting for Tail Risk, Man-
agement Science

[9] T. FISSLER, J. F. ZIEGEL, T. GNEITING, Ezpected Shortfall is Jointly Elicitable with Value
at Risk - Implications for Backtesting, Risk Magazine, Dec 2015.

[10] BANK FOR INTERNATIONAL SETTLEMENTS Fundamental Review of the Trading Book: A re-
vised market risk framework Consultative Document, Basel Committee on Banking Super-
vision, May 2012.

[11] M.B. Gorbpy, H.Y. Lok, & A. J. McNEIL, Spectral backtests of forecast distributions with
application to risk management, Preprint, 2017.

[12] P. HALL The distribution of means for samples of size N drawn from a population in which
the variate takes values between 0 and 1, all such values being equally probable, Biometrika,
vol. 19, no. 3/4, pp. 240245, 1927.

[13] J. HULL VaR versus Ezpected Shortfall, Risk Magazine, March 01, 2007.

[14] J. O. IRWIN, On the frequency distribution of the means of samples from a population
having any law of frequency with finite moments, with special reference to Pearson’s Type
II, Biometrika, vol. 19, no. 3/4, pp. 225239, 1927.

[15] M. KrATZ, Y. Lok, A. MCNEIL , Multinomial VaR Backtests: A simple implicit approach
to backtesting expected shortfall,

[16] JaMEs E. MARENGO, DAVID L. FARNSWORTH, AND LUCAS STEFANIC, A Geometric Deriva-
tion of the Irwin-Hall Distribution, International Journal of Mathematics and Mathematical
Sciences, vol. 2017, Article ID 3571419, 6 pages, 2017. doi:10.1155/2017/3571419

E-mail address: Nick.Costanzino@barclays.com

BARcLAYS CAPITAL, NEW YORK, NY & DEPARTMENT OF FINANCE AND RISK ENGINEERING
NYU TANDON, NEW YORK, NY

E-mail address: Michael.Curran@Riskcare.com

RISKCARE, NEW YORK, NY



