MULTI-DIRECTIONAL OPTIMISATION ON THE GPU
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ABSTRACT. The multi-directional (MD) technique is a general purpose tool for op-
timisation, that is, finding the global maxima or minima of some objective function
in a given domain. Any function that produces a relatively continuous surface may
therefore be suitable.

Using a graphics processing unit (GPU) for MD optimisation demonstrates an
increase in speed of up to 400-fold compared to using a central processing unit
(CPU). More than a 100-fold speed up was seen across a range of problems. This
was achieved despite non-trivial amounts of branching in the algorithm.

The main problem investigated was a particular form of portfolio optimisation.
As a further test, the same algorithm was used to find the minima of the Schwefel
function, which has several local minima and is a particularly difficult candidate
for numerical optimisation. The great flexibility of the MD technique and the
performance obtained strongly suggests that the GPU implementation has great

potential in finance.

1. INTRODUCTION

Direct search (the general class of opti-
misation methods of which MD is an ex-
ample) has undergone a renaissance in the
last two decades [1]. This has been due to
a better understanding of the mathemat-
ics underpinning the Nelder-Mead [2] and
the Multi-Directional methods [3]. They
are often effective when the problem is
sufficiently complex or computationally
difficult so that an exact answer cannot

be obtained [1].

Direct search methods do not rely on
the objective function’s derivatives or its
numerical approximations. The function
to be optimised can be regarded as a black
box, with only the input parameters and
the resulting value being exposed to the
optimisation method [4].

The effectiveness of quasi-Newton
methods and the availability of software
tools which ease their use has caused di-
rect search techniques to be somewhat
overshadowed [5, [I]. Howver, Direct
Search techniques are invaluable [I] for
problems that meet the following condi-
tions:

e Calculation of the f(z) is very ex-
pensive or time-consuming

e Exact first partial derivatives of
f(z) cannot be computed.

e Numerical approximation of the
gradient of f(z) is impractical due
to time/resources.

e The values of f(z) are noisy, due
to inaccurate source data or the
nature of the algorithm.



2 NIELS STCHEDROFF

We use the multi-directional search
(MDS) method of Torczon [6} [7, 4], rather
than the more common direct search tech-
nique, the Nelder-Mead method [5, 4].
Both MDS and Nelder-Mead are rela-
tively simple to code and analyse. How-
ever, it has been found that, unlike MDS,
the Nelder-Mead algorithm can converge
to non-minimizers when the dimension of
the problem is large enough, for a wide
range of test problems [7, [5].

2. MuLTI DIRECTIONAL SEARCH

This method involves generating an n
by n + 1 simplex of values, where n is the
number of variables. This represents a
start point. Each row in the simplex rep-
resents the input values for a test of the
function in question.

The best result (i.e. the one evaluating
to the smallest function value) in the sim-
plex is located and then used to generate
possible new values for each variable.

(2.1) S ={vy...vn},

where S is the simplex, vy, ..., v, are the
vertices and vg is the best vertex found so
far:

(2.2) ri = vo — (v; — o),

(2.3) ei = (1 —p)*xvy+ry,

where o is the expansion coefficient. A
common default value is 2.0 [3].

(2.4) ;= (140)xvy—0xr,

where 0 is the contraction coefficient A
common default value is 0.5 [3].

If f(ri) < f(vo) and f(e;) >= f(vo)

theIl Snew — {UO7 617 v 7671}

If f(ri) < f(vo) and f(e;) < f(vo) then

Snew = {Uo,Tl,...,T’n}.
Otherwise, Spew = {co,---,¢n}

This process continues until either a
maximum number of evaluations is ex-
ceeded, or the computed values of the
rows of the simplex match specified cri-
teria — often a predetermined maximum
range between best and worst.

From this, we can see that parallelisa-
tion can take place at several levels [3].
The simplest is to run the optimisation for
different starting simplices concurrently.
Another is to compute and evaluate the
three tests in parallel within each itera-
tion of the optimisation function. Finally,
we can evaluate the transformations of
the simplex in parallel as matrix opera-
tions. The implementation discussed in
this paper looks at the first and last op-
tions.

An implemention of Multi-Directional
in MATLARB is available from [§].

3. Way GPU?

As we have seen, the MD algorithm is
inherently parallelisable at different lev-
els. GPU devices are well suited to ma-
trix operations - transforming the sim-
plex is a good fit. But, the algorithm
requires branching, which is generally dif-
ficult for GPUs, given the use of a 32-lane
SIMD architecture that implements, but
penalizes, divergence within groups of 32
threads (warps) [9].

The aim of this work was to investi-
gate whether it was possible to overcome
the branching issue — at least to the point
where there were significant performance
gains from using GPU.
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4. GPU ARCHITECTURE

CPUs are considerably faster on a
thread by thread basis. But the number
of threads that a GPU can run in a truly
parallel fashion gives it a considerable ad-
vantage, for a suitable problem.

The NVIDIA GPU architecture (used
in this study) comprises at least one mul-
tiprocessor. Each contains:

8 cores (SIMD type) 16384 registers
(8192 on older hardware) 16KB of shared
memory 8KB cache for constants S8KB
cache for textures

The nature of the hardware means that
it is ideal for performing the same (or
similar) operations on a large number of
threads - 1024 per multi-processor (max-
imum) on the latest hardware [10].
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Figure 1: NVIDIA GPU Architecture (simplified)

Space is at a premium - for example,
2KB of shared per block when running 8
blocks. It is possible to store and retrieve
data from the main memory on the host
machine but this can be very slow and is
generally avoided.

5. THE PROBLEM MODELLED

The test problem examined was a sim-
plified portfolio optimisation. We con-
sider a portfolio consisting of n risky
stocks, no risk-free asset, and (positive
definite) VCV matrix o. Our objective
is to find the (column) vector of portfo-
lio weights w which minimises the total
portfolio variance. We therefore need to
find the global minimum of the variance
function

V(iw,o) =wow,

where the prime denotes transpose. The
only constraint we impose is that the
portfolio weights must sum to one, i.e.
1'w = 1, where 1 denotes a column vec-
tor whose elements are all equal to 1. As
can easily be verified, the solution is given
by

o '1

111"

In particular, in the case where o;; = d >
0and 055 = ¢ > 0, for 4,7 = 1...,n,
i # 7 and d > c¢, the solution is simply
wy = 1/n, for k = 1,...,n. This is the
case we consider, with n = 15, d = 10,
c="1.5.

This problem is trivial, but it has
a sufficiently complex numerical calcula-
tion to make testing illustrative. Fur-
thermore, due to the particularly simple
choice of VCV matrix, e.g. for n = 3
(100,101,100) will have the same overall
“cost” as (101,100,100). This makes the
function a less than ideal candidate for
Direct Search optimisation (an ideal func-
tion would produce unique values for all
combinations of inputs).

w(o) =
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float optimise(float * weights,

{

int size)

float variance 0.0f;
float temp 0.0f;

// The Lagrangian calculation
for ( int iLoopOuter(0); iLoopOuter <
size; iLoopOuter++)

{
for( int iLoopInner(0); iLooplInner <
size; iLoopInner++)
{
temp = weights [iLoopOuter |;
if ( iLoopOuter = iLooplInner )
variance 4+= temp * temp x float
(10.0);
}
else
{
variance += temp * temp *x float
(7.5);
}
}
}

return variance;

}

Figure 2: Source code for function to optimise

Figure [2| shows the function to be opti-
mised expressed as code - it generates the
VCV matrix on the demand.

6. DETAIL OF THE SOLUTION

The hardware used was an NVIDIA
Tesla C1060 and the code was written in
the CUDA-C programming environment.

As mentioned above, the parallelisation
was in two parts: First, the system runs a
single start in each block allowing a max-
imum of 240 simultaneous runs on the
C1060. If more than 240 starts are re-
quired, each block runs multiple starts.
Secondly the matrix operations within the

blocks are parallelised among the threads
in the block.

A maximum of 128 threads per block is
specified, for reason of efficiency and per-
formance. When optimising for less than
12 variables, this means that the entire
simplex can be evaluated at once. When
more variables are required, the threads
loop, computing sections of the simplex
one after the other.

To reduce the amount of shared mem-
ory to a minimum, only two copies of
the simplex are held — the original values
(from the previous iteration) and a test
version. The test version is used in turn
to hold the reflection, expansion and con-
traction trials. The winner is evaluated,
and used to modify the original simplex.

This does mean that 4 transformations
are required rather than 3 (for each it-
eration), but it does cut down the shared
memory required. For example, 2Kb is re-
quired for n = 15. In any case, in the tra-
ditional implementation, the winner has
to be copied to the array holding the orig-
inal.

n = 15 is the maximum possible be-
fore the requirements for shared memory
reduce the number of blocks that can be
run at any one time.

Counsiderable care was taken to reduce
branching, in so far as was possible.

The simplex is not sorted at each trans-
formation in order of value of the results.
Instead, the best value was identified and
moved to the head of the simplex. While
a number of implementations of the Multi
Directional algorithm sort the simplex,
this is not required by the mathematics
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of the process and makes the implemen-
tation slower.

At the end of each iteration a test was
included to prevent an infinite loop when
all the values in the simplex were too sim-
ilar [11].

The results are written to global mem-
ory at the end of the run for a given
"start”. A different location is used for
each result. Writing data to main mem-
ory so frequently may seem strange in the
light of the known poor performance of
access 400-600 clock cycles is an often
quoted number. In fact this is the time
that is taken until the value written would
be accessible. From the point of view of
the GPU thread, the write would take 4
cycles and then continue with the rest of
the thread [3].

To validate this structure, tests were
run removing the writes to global mem-
ory entirely. Only a minor effect on per-
formance was encountered, matching the
predictions of the costs of the writes, in-
dicating that this concept is valid.

The fact that global memory can be
used like this is perhaps not as well known
as it should be — it is a valuable tool due to
the resource constraints of on-chip mem-
ory.

7. RESULTS

For comparison purposes, two other
problems were modeled as well. The re-
sults are given below.

uuuuuuuuuuuuuuuu
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Figure 3: Performance for three problems

Figure [3| shows the results for the port-
folio balancing problem over a range of
values for the number of variables.

These problems were run with 20,000
starts and a maxi-mum of 10,000 evalu-
ations. The values for the reflection, ex-
pansion and contraction coefficients were
1.0, 2.0, and 0.5 respectively.

When run with n = 15, the GPU imple-
mentation running on a C1060 returned a
solution in 1.65s. A reference CPU imple-
mentation took 257.95s (Intel i7). This
represents speed increased by a factor of
155. The selected result had values within
0.15% of the optimum result.

A run for ten variables showed an in-
creased speed factor of 110. A run for
five variables gave a 30 times performance
gain. This is due to the smaller numbers
of variables, requiring a smaller number
of threads per block, and thus leading to
lower use of the GPU resources.

Beyond n = 15, performance drops,
since fewer blocks can run at the same
time on the GPU — but performance in-
crease factors of 80-90 are still common.

The lower performance for Least
Squares and the Rastrigin [12] function
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seem to be related to their lower complex-
ity, compared to the portfolio balancing
problem. The shape of the plots is simi-
lar, validating reasons suggested above for
the varying performance according to the
number of variables.

As a further experiment, the Schwefel
[13] function was investigated. This pro-
vides a complex surface with a number of
minima.

- A

2 4|

%280 / \/ \

Sl A i \

EZDD / \ A

5150 / ,’4&3
-] o Linay

o

{ FESEEY R ) RN IS A Y [N T ) IR [ I N |
L 7 I Y B R T R T e ot o B e
(=] = ra w R wi =2]

Number of variables to optimise

=—d=Schwefel(__sinf] =lll=Schwefel|sinf)

Figure 4: Schwefel Function for 2 variables

After initial experiments, the number
of starts was increased to 100,000. Two
versions of the problem were coded on
the GPU. They differed in the use of the
standard sinf]and the GPU specific __sinf
functions. _sinf is considerably faster
(taking a single clock cycle [14]) but sacri-
fices accuracy. The results are impressive,
with a peak of 417 times speedup achieved
at n = 15. As expected the sinf version is
much slower.

Figure 5: Schwefel function performance [I5]

8. CONCLUSIONS

The implementation of the Multi-
Directional search optimisation technique
has been demonstrated for GPUs despite
the using branching, which causes a per-
formance penalty due to the SIMD archi-
tecture [9]. High levels of performance (at
least 100 times faster than single thread
on CPU) have been demonstrated for sev-
eral problems.

The MD techniques flexibility and this
level of performance strongly suggest that
it will be of value in finance. Any suit-
able function that takes a number of val-
ues and returns a single overall cost can
be optimised in this manner, with little or
no changes required to the optimiser.

The limitation to this implementation
is chiefly in the complexity and data re-
quirements of the function — fitting it
into the limited resources available on the
GPU can be a challenge.

A possible enhancement would be a
modification to improve performance for
problems with less than 10 variables. Be-
low this level, GPU use falls away, since

IThe single precision version of the sin function.
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the number of threads required to com- available for use. This could be dealt with
pute the simplex falls below the number by modifying the structure to make use of

(1]

(6]

[7]

more threads for level of operation.
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