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ABSTRACT. We calculate the leading term of asymptotics of the prices of barrier
options and first touch digitals near the barrier for wide classes of Lévy processes
with exponential jump densities, including Variance Gamma model, KoBoL (a.k.a.
CGMY) model and Normal Inverse Gaussian processes. In the case of processes
of infinite activity and finite variation, with the drift pointing from the barrier, we
prove that the price is discontinuous at the boundary. In many cases, we calculate
the second term of asymptotics as well.

Key words and phrases: Option pricing, barrier options, first-touch digitals, Lévy
processes, Carr’s randomization, KoBoL processes, CGMY model, Normal Inverse
Gaussian processes, Variance Gamma processes, Wiener-Hopf factorization, asymp-
totics

Acknowledgements: S.L. is grateful to the participants of the Financial and Insur-
ance Mathematics seminar at ETH Ziirich (November 13, 2008) for the suggestion
to calculate the asymptotics of the price of barrier options near the barrier, and to
the participants of Mathematical Finance seminars at University of Edinburgh (Oc-
tober 4, 2009) and University of Chicago (November 6, 2009) for useful discussions
about the paper.

CONTENTS

Introduction
Types of options and classes of Lévy processes
General formulas for barrier options and first touch digitals
Leading term of asymptotics: Case v € (1, 2]

0,1
Two-term asymptotic formula: Case v € (1,2),u # 0
Two-term asymptotic formula: Case v € (0,1
Numerical examples

2

7
12
17
21
26
30
34

M.B.: Department of Mathematics, University of Michigan at Ann Arbor, Ann Arbor, MI 48109-
1043. Email address: mityab@umich.edu.
M.I. Department of Mathematics, University of Leicester, University Road, Leicester LE1 7TRH,

and RiskCare Ltd, 22 Cousin Lane, London, EC4R 3TE, United Kingdom.

md211@le.ac.uk.
S.L.: Department of Mathematics, The University of Leicester, University Road, Leicester LE1
7RH, United Kingdom. Email address: s1278@le.ac.uk (corresponding author).

1

Electronic copy available at: http://ssrn.com/abstract=1514025

Email address:



2 M. BOYARCHENKO, M. DE INNOCENTIS, AND S. LEVENDORSKII

9. Conclusion 41
Appendix A. Elements of the theory of generalized functions [21, 11] 42
Appendix B. Digital puts and calls, and the case of strike K < H 43
Appendix C. Wiener-Hopf factorization 43
Appendix D. Leading term of asymptotics: Cases v € (0,1),u =0 45
Appendix E. Leading term of asymptotics: remaining cases 51
Appendix F. Technical proofs 59
References 62

1. INTRODUCTION

1.1. The problem of pricing and hedging barrier options has attracted much atten-
tion in recent years, both from the theoretical finance side and from the practitioners’
side. For instance, a rather comprehensive review of the 1965-1995 literature on the
pricing of barrier options given in [15] lists about 30 articles, while hundreds of new
works devoted to the same topic have appeared since 1995. In the framework of the
Black-Scholes market model [5], an explicit formula for the price of a barrier call op-
tion was obtained by Merton [34]. Many subsequent works on barrier and first-touch
digital options also remained in the Black-Scholes framework (the interested reader
may wish to consult, for example, the bibliography lists in [15] and [14]).

However, it is a known fact that the Black-Scholes model yields rather inaccurate
prices of barrier options near expiry, especially when the spot price S is close to the
barrier. The reason is that the Black-Scholes value function Vs = Vigrrps(T,.5),
where T is time to maturity, for (say) a down-and-out barrier put option is continu-
ously differentiable with respect to S within the closed interval [H, +00) whereas for
many classes of Lévy processes, the delta is unbounded as the underlying tends to the
barrier. The dashed line in Figure 1 is an example of such behavior if the underlying
process is Brownian motion: we can clearly see how the delta, 9Vpg/dS, of the option
has a finite limit as S approaches H from the right. The line corresponding to the
leading term of the asymptotics of the price as the price of underlying approaches
the barrier is also shown; calculation of such asymptotics is the main object of the
paper. Figure 2 is an enlarged version of Figure 1 near the barrier.

We see that the relative errors of prices of barrier options computed using the
Black-Scholes model versus more realistic stock pricing models can sometimes reach
several dozen percent near the barrier. This observation is not new — see, e.g., [24],
also for NIG model; in this paper, we study possible shapes of the price curves near
the boundary in a systematic manner.

Similar problems arise if the underlying pure jump Lévy process (or a Lévy process
with insignificant diffusion component) is approximated by a jump-diffusion with a
tangible diffusion component. The most convenient jump-diffusion models are the

Electronic copy available at: http://ssrn.com/abstract=1514025
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FIGURE 1. The value function of a down-and-out barrier put option in the NIG
and Black-Scholes models. The strike price is K = 3500, the barrier is H = 2100,
the time to maturity is T' = 0.25 years, the riskless rate is 3%, and the underlying
stock pays no dividends. (The example is taken from [23].)

Solid line: the graph of the value function calculated assuming that under a risk-
neutral measure chosen by the market, the log-price process {X; = InS;} of the
underlying is a NIG process with parameters o = 8.858, 5 = —5.808, 6 = 0.174.
Dashed line: same as above, except that X is assumed to be a Brownian motion
with volatility o ~ 0.2136, chosen so that the second (instantaneous) moment, o2,
of X = {X,} is the same as the second (instantaneous) moment, da?(a? — 32)=3/2,
of the NIG process in the first example.

Dotted line: the asymptotic price (see Appendix E).

double-exponential jump-diffusion model introduced by Kou [26] and its natural gen-
eralization constructed in [29] to price American options and labelled later hyper-
exponential jump-diffusion model (HEJD) by Jeannin and Pistorius [23], who derived
explicit formulas for the Laplace transforms with respect to the time variable of the
value functions, deltas, gammas and thetas of the barrier options. They further
showed that, approximating other Lévy-driven models (such as Variance Gamma
33, 32, 31] and NIG) by suitable hyper-exponential models, one can obtain accurate
approximations to the prices and sensitivities of barrier and first-touch digital options
in the regions not too close to the barrier. For a more recent and more detailed ap-
proach to an approximation technique of a similar nature, and for its application to
the pricing of double barrier options, we refer the reader to [20] and [16], respectively.

Nevertheless, hyper-exponential models (with nonzero Gaussian component) also
have the disadvantage that the value functions of barrier options in these models
are continuously differentiable up to the barrier. In other words, qualitatively these
functions exhibit behavior similar to that of the dashed line in Figure 1, whereas
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FIGURE 2. An enlarged version of Figure 1 near the barrier.

value functions obtained from more realistic models of stock prices, such as NIG and
KoBoL, exhibit behavior similar to that of the solid line in Figure 1.

Other methods of pricing barrier options that use models with a tangible diffusion
component to approximate models with zero diffusion component (such as the method
of Cont and Voltchkova [19]) suffer from the same problem (see [30, 24] for an analysis
of the errors that result from applying these methods). This issue is important
because empirical studies of financial markets (see, e.g., [17]) show that, typically,
the dynamics of a stock has zero diffusion component.

The discussion above is related to barrier options with continuous monitoring, and
in the paper, we also consider options with continuous monitoring. For the review
of results in the case of options with discrete monitoring, see, e.g., [22] and the
bibliography therein.

The claims above about the non-standard behavior of prices of barrier options and
first touch digitals near the boundary are based on the calculation (in [11, Ch. 7])
of the leading term of asymptotics of the value function of Vi, (7T, S) of first touch
digitals. In the infinite horizon case, the leading term of asymptotics for barrier op-
tions and first touch digitals was calculated in [10]. The claim about barrier options
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with finite time horizon was based on the observation (implied by the analytic in-
tuition) that, qualitatively, the behavior of Vje..(T,S) is similar to the behavior of
1 —V;4.(T,S); however, this fact was never proved to the best of our knowledge, and
this remark does not give the coefficient in the asymptotic formulas. Furthermore,
the asymptotics of the value function of the first touch digitals was calculated under
a condition which excludes the Variance Gamma (VG) model introduced to finance
by Madan with co-authors [33, 32, 31], and processes of finite variation, with non-
zero drift. In particular, the processes of the extended Koponen’s family! of order
v € (0,1), with non-zero drift, were excluded.

1.2. Main results.

1.2.1. Barrier options, leading term. Let X; = InS; be a Lévy process under an
EMM chosen for pricing, let G(X7) be the payoff of the down-and-out barrier option
at maturity, with barrier H = 1, and let V (T, z) be the price of the option. Let (bi &)
be the Wiener-Hopf factors (WH-factors) in (C.5) and & be the EPV operators
under the supremum and infimum processes (see (3.5)-(3.6)). Under weak regularity
conditions on GG and X, which are satisfied for puts, calls and digitals, and main
classes of Lévy processes used in empirical studies of financial markets: KoBoL (a.k.a.
CGMY model), NIG and its generalization, NTS model, and VG model, the exception
being VG model with non-positive drift, we prove that there exists ¢ > 0 such that
(a) function G(q,0+) = (£ G)(0+) is well-defined and analytic in the half-plane
Req = o;
(b) for ¢ in the half-plane Req > o, the WH factors have the following asymptotics
as & — oo in a strip around the real axis:

(1.1) by (€) = b1 F i) (1 + O([E]77)),
where p > 0, and functions q — gbf]t,oo are analytic in the half-plane Req > o;
(c) there exist C, s > 0 such that

(1.2) 104(47" 670G (4, 0))| < Cla|™'~*, Req >0,
hence, the following integral absolutely converges:
e—rT _

1. T) = To,(q o, ;
( 3) K( ) 27TZF(1 + V7>(_T> /Reqcr ‘ aq(q ¢q,ooG(Q7 O+>>dQ7
(d) there exists s > 0 such that as z | 0,

(1.4) V(T,z) = k(T)z" + O(z" ).

Explicit analytical formulas for gzﬁét,oo and G(q,(H—) will be derived. The exponent
v_ > 0, which determines the rate of decay of the price near the barrier, is determined
by the type of the process, and the coefficient x(7") > 0 depends on all parameters of
the process and the type of the option; typically, v_ € (0, 1), prominent exceptions

1[9], a.k.a. name CGMY model [17] and KoBoL processes [11]; we adopt the latter terminology.
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being processes with a Brownian motion component, and processes of finite variation
with the drift pointing to the barrier, when v_ = 1. For processes of finite variation
with the drift pointing from the barrier, v_ = 0, and, hence, the prices of the down-
and-out option and first touch digital are discontinuous at the barrier.

1.2.2. Two-term asymptotic formulas. Under additional conditions on the parameters
of the process, we derive two-term asymptotic formulas as well.

1.2.3. First touch digital option. Consider the option, which pays $1 the first time
the process X enters (—oo,0]; if this does not happen until 7', the option expires
worthless. Similarly to (1.4), we prove that there exists s > 0 such that as x | 0,

(1.5) V(T,z) =1 — keo (T)z" + O(z" ).
where

e—rT

— qT ooN=1—
" omil(1+ v )(=T) /Reqae 9y((q — 1) by 00)dy,

and o > r is arbitrary. Two-term asymptotic formulas can be derived for this case
as well.

(1.6) ke (T)

1.3. Organization of the paper. The rest of this text is organized as follows. In
§2, we introduce the types of options and classes of processes considered in the paper.
In §3, we present the well-known formulas that express the prices of barrier and first-
touch digital options in probabilistic terms, calculate the Laplace transforms of these
expressions w.r.t. time to maturity in terms of the expected presented value operators
(EPV-operators) under supremum and infimum processes®, write the formulas for
the prices using the inverse Laplace transform, and explain the main idea for the
calculation of the asymptotics. The asymptotic formulas are valid for the wide class
of Lévy processes described in §2.3. The calculation is based on several basic facts of
the theory of generalized functions collected in Appendix A, and on explicit formulas
for the Wiener-Hopf factors, which we present in Appendix C. Details of calculation
of the leading term, which needs case-by-case study, are presented, first, in §4 for
processes of order v € (1,2), the main example being KoBoL processes (a.k.a. CGMY
model) of infinite variation, and then in Appendices D and E for other cases, with
explanations on why the variations are necessary. The two-term asymptotic formula
is derived, first, in §5, for the case of processes of finite variations with the drift
pointing from the boundary, next, in §6, for processes of infinite variation, and then,
in §7, for processes of finite variation with the drift pointing toward the boundary.
Numerical examples appear in §8; §9 concludes. Technical proofs are relegated to
Appendix F.

2Here we use the operator form of the Wiener-Hopf factorization method developed for option
pricing by S. Boyarchenko and Levendorskii [10, 11, 12, 30, 13|, with an important further develop-
ment in [7]
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2. TYPES OF OPTIONS AND CLASSES OF LEVY PROCESSES

2.1. Some types of options. We begin by recalling the exercise rules for a few
barrier and first-touch digital options that are commonly traded in financial markets.

A down-and-out barrier call (respectively, put) on a given asset is determined by
three parameters: maturity date T, strike price K, and barrier H. The option expires
worthless if, at any moment in time ¢ < T', the price, S;, of the underlying reaches
or falls below H. Otherwise, at time t = T', the owner of the option receives a payoft
equal to (St — K), = max{Sr — K, 0} (respectively, (K — St)).

An up-and-out barrier call (respectively, put) option is defined similarly, the only
difference being that it expires worthless if S; reaches or exceeds the barrier H for
some t < T'. In principle, we do not have to assume a relationship between H and
K, but we note that a down-and-out barrier put option (respectively, an up-and-out
barrier call option) is worthless unless H < K (respectively, H > K).

A down-and-in (respectively, up-and-in) first-touch digital® option is determined
by its maturity date T" and barrier H. The option pays its owner $1 at the first
moment in time ¢ < T when the price, S, of the underlying reaches or falls below
(respectively, reaches or exceeds) H. If no such event occurs, the option expires
worthless at time 7.

Remarks 2.1. (1) Down/up-and-out call/put barrier options are collectively referred
to as knock-out barrier options. There are four other types of (single-)barrier
options, namely, the knock-in ones, which become activated (as opposed to de-
activated) when the price of the underlying crosses the barrier in the specified
way. However, a package consisting of a knock-out barrier option and a knock-in
barrier option with the same parameters clearly has value equal to that of a Euro-
pean option of the corresponding type. Thus, knowing the prices and sensitivities
of knock-out barrier options and European options, one can calculate the prices
and sensitivities of knock-in barrier options. Hence it is unnecessary to consider
the latter type of options separately.

(2) Tt will be clear that our approach to calculating prices and sensitivities of down-
and-out barrier put options (respectively, down-and-in digital options) can be
easily modified to cover the other three types of knock-out barrier options (re-
spectively, up-and-in digital options).

(3) A package consisting of a knock-out barrier option and a certain quantity of
knock-in digital options with the same barrier is equivalent to a knock-out barrier
option with constant rebate. Thus the latter options can also be easily studied
using our techniques.

3Sometimes (see, e.g., [23]) one refers to these options as American down-and-in (respectively, up-
and-in) digital options. The reason is that an American-style option with a binary payoff function
is always optimal to exercise at the first moment in time when the payoff becomes positive.
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2.2. Lévy-driven models. For an exposition of the general theory of Lévy processes
and their applications to pricing derivative securities, we refer the reader to [4, 36]
and [11, 18, 37], respectively. We recall that every Lévy process X = {X;};>¢ has
the characteristic exponent, which is a continuous function ¢ : R — C satisfying
(0) = 0 and
E[e®¥] =™ VEER, t > 0;

and, conversely, the law of a Lévy process is uniquely determined by its characteristic
exponent [36, Thm. 7.10]. Some examples of Lévy processes that are commonly used
in empirical studies of financial markets are listed in §2.4 below.

We consider a model frictionless market consisting of a riskless bond and a stock,
which is modelled as an exponential Lévy process S; = eXt, under a chosen equivalent
martingale measure (EMM) Q. The riskless rate r is constant. We remark that, in
general, Q is not unique. We assume that an EMM Q has been fixed once and for
all, and all expectation operators appearing in this text will be with respect to this
measure. The characteristic exponent v of X is also under this Q.

If the stock does not pay dividends, then e™"'S; must be a martingale under Q.
In terms of the characteristic exponent of the log-price process {X;}, the EMM-
condition can be written as follows: r + 1 (—i) = 0, where we are implicitly assuming
that ¥ (&) admits the analytic continuation into the closed strip —1 < Im¢ < 0 (if
this is not the case, then E[S;] = oo for all £ > 0, i.e., the process {S;} cannot be
priced; we exclude this situation from our consideration). If the stock pays dividends
at constant rate 0, then the EMM condition becomes r + ¢ (—i) = 0.

2.3. Strongly regular Lévy processes of exponential type. The main classes
of processes used in the study of financial markets (see the examples in the next
subsection) enjoy the following property: there exist A_ < —1 < 0 < A4 such that
the underlying Lévy process X is of exponential type (A_, A, ). This means that the
characteristic exponent, ¥(§), of X, admits the analytic continuation into the open
strip Im¢ € (A_, A\y). Moreover, ¥ (&) grows at most polynomially as Re{ — +o0
within every closed strip Im¢ € [w_,wy] C (A_, A;). For the behavior of the value
function (especially near the barrier) to be sufficiently regular, and for the leading
term of the asymptotics of a simple form to exist, we need additional regularity
conditions. In [11, Definition 3.2], such conditions were formulated, and the resulting
class of processes was called Regular Lévy Processes of Exponential type (RLPE) in
1D. Two definitions were given: in terms of the properties of the Lévy measure and
in terms of the Lévy exponent. Loosely speaking, the first definition postulates that
the Lévy measure behaves, asymptotically, as c.|z|™ ! as x — +0, and decays at
least as fast as e 7 as x — Foo. An almost equivalent definition in terms of the
characteristic exponent is as follows

Definition 2.2. Let A_ < 0 < Ay and v € (0,2]. We call X a regular Lévy process
of exponential type (A_,Ay) and order v if its characteristic exponent admits the
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analytic continuation in the strip Im¢ € (A_, A\y), and, for some p € R, function
¥(&) + iué is asymptotically positively homogeneous of order v as £ — oo in any
strip Im & € [w_,wy] C (A_, A4).

In this paper, we will use somewhat stronger conditions, which simplify the proofs.

Definition 2.3. Let A\_ < 0 < Ay and v € (0,2]. We call X a strongly reqular Lévy
process of exponential type (A_, \;) and order v (sSRLPE of order v) if the following
conditions hold:

(i) the characteristic exponent 1) admits the analytic continuation into the complex
plane with two cuts i(—oo, A_| and i[\;, +00);

(ii) for z < A_ and z > Ay, the limits 1 (iz + 0) exist;

(iii) there exists p € R such that the function ¢°(£) := (&) + iué is asymptotically
positively homogeneous of order v as & — oo in the complex plane with these
cuts;

(iv) to be more specific, there exist v, < v and d., RedY. > 0, such that as p — +o0,

(2.1) W(pe'?) = e p’ +0(p"), ¢ e0,m/2-0];

(22) e = R L O), g /24 0,7];
(2.3) WOpe'?) = d2e T L O(p"), ¢ € [-m, —m/2 = 0];
(2.4) W(pe'?) = die?p’ +0(p"), € [-m/2+0,0].

The notation ¢ = 7/2 + 0 means that 7 = pet? is of the form n = iz F 0, where
z >0, and ¢ = —7/2 £ 0 means that n = pe'? is of the form n = iz +0, where z < 0.

2.4. Model classes.

(1) A Brownian motion (used in the classical Black-Scholes model [5]) is an sSRLPE
of order 2 and exponential type (—o0, 00). Its characteristic exponent is given by

%252 —1ué&, where o > 0 is the volatility and p € R is the drift of the process.
We have d. = %/2.

(2) Kou’s model [26], its generalization constructed in [29] and labelled later a hyper-
exponential jump-diffusion (HEJD) [23] are sRLPEs of order 2, and d. = ¢%/2
is the same as in the BM case.

(3) Lévy processes of the extended Koponen family (generalizing the class of processes
introduced by Koponen [25]) were defined by S. Boyarchenko and Levendorskii
in [9]. Later the same family of Lévy processes was used in [17] under the name
“CGMY-model,” and in [11] under the name “KoBoL processes.” We adopt
the latter terminology. The characteristic exponent of a KoBoL. process of order

€ (0,2), v # 1, is of the form

(2.5) (&) = —ips + T(—v) - [er((=A-)" = (=A== i§)") + - (N — (A +i€)")],
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where A\_ < 0 < A, are called the steepness parameters of the process, c.+ > 0
characterize the intensity of positive and negative jumps, and p € R. (If v < 1,
then p is the drift). In (2.5) and elsewhere in the text, we use the standard
convention that z¥ = e”®* for any v € C and any z € C such that z € (—o0, 0.
In turn, In z denotes the unique branch of the natural logarithm function defined
on the complex plane with the negative real axis (—oo, 0] removed, determined
by the requirement that In(1) = 0.

A KoBoL process with parameters as above has exponential type (A_, A,), so
there is no conflict of notation.* We have

(26) & = —T(—v)les (Fi)Y + o (+i)’]
(4) Variance Gamma (VG) processes were first used in empirical studies of finan-

cial markets by Dilip Madan and collaborators [33, 32, 31]. The characteristic
exponent of a VG process is of the form®:

2.7) () = —ipg + ci[In(=A- —i€) — In(=A-)] + c_[In(Ay +i€) — In(A)],
where A\_ <0 < Ay, ¢ > 0and p € R. A VG process with these parameters is
also a Lévy process of exponential type (A_, A); but it is not an RLPE because
the jump term in (2.7) increases at infinity as a logarithm.

(5) Normal Inverse Gaussian (NIG) processes were introduced by Barndorff-Nielsen
[2]. A natural generalization of NIG was constructed in [3] and called Normal
Tempered Stable Lévy processes (NTS). The characteristic exponent of an NT'S
process is of the form

(28 V(&) = —ing +8- [(o® = (B+i€))" — (a® = 5712,

where v € (0,2), a > || > 0, 6 > 0 and p € R. An NTS process with these
parameters has exponential type (8 — «, 3 + «), order v and dJ. = 6. NIG is an
NTS of order v = 1.

The verification in the case of BM, Kou’s model and HEJD model is straightforward.
In the case of KoBoL (a.k.a. CGMY) model, NTS and VG model, the verification
of (i)—(ii) is straightforward as well. The verification of (iii)-(iv) for KoBoL and
NTS is also straightforward but requires case-by-case study for ¢ € [r/2 — 0,0],
p € [mn/240], p € [-7,—7/2—0] and ¢ € [-7/2+0,0]. All 4 cases being similar,
we consider the third one. Let a > 0, v € (0,2) be fixed, and £ = pe?, where
¢ € [—m,—m/2 —0]. Then, as p — +o0,

(2.9) (a —i€)" = (a — ipe?)” = (a + pei(%ﬁ”’))V ~ p”ei(%“")”.

4n [9, 11], the reader can find a more general version of KoBoL, where the parts of the charac-
teristic exponent responsible for positive and negative jumps have different orders; the case v =1
is also considered, with the characteristic exponent given by a formula different from (2.5).

SWhat we present is not the most common way of writing the formula. Rather, we chose an
expression that is equivalent to the standard one and makes the analogy with (2.5) transparent.
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(2.10) (a-+18)" = (atipe)” = (at pell T preErel,
and (2.3) for KoBoL and NTS is immediate. For the VG model, we have
(2.11) In(a — i€) = In (a+pei(%”+s0)> ~lnp+i <377T ﬂp)
(2.12) In(a + i) =1n (a + pei(%‘F‘P)) ~Inp+i (g T 90) )

Non-power asymptotic behavior in (2.11)—(2.12) leads to certain complications, when
we calculate the asymptotics of the price as * = InS — h = In H. Nevertheless,
some of the results, which we will derive for processes of order v € (0,1), will hold
for the VG model as well. We label the VG model an sRLPE of order 0+.

Hyperbolic processes are sSRLPEs of order 1 but the verification is not so easy. See
[10], where the asymptotic properties of the characteristic exponents of model classes
where studied and used for different purposes.

2.5. Important constants characterizing an SRLPE. For real £, ¢°(£) = PO(=¢),
hence, d° = d. We consider the following cases:

(i) if v e (1,2) or v € (0,1) and =0, set de = d%, d = |d+|, 7+ = argdy, v = v,
(2.13) ve =v[2 =i/ T;

(i) if v =1, set dy = Fip+d%, d=|ds|, v+ = argdy, vy =
(iii) if v € [0+,1) and p > 0, set do = Fip, vy =1, v_ =0, v
(iv) if v € [0+,1) and p < 0, set de = Fip, vy =0, v_ =1,
Notice that in all cases, v, +v_ = v, and
(2.14) ve =02 —yi/m.
Furthermore, vy € (0,v) if v > 1; if v € (0,1) and p = 0, then we require that
v := |y+| be in [0, 7/2); then vy € (0,v) as well.

2.6. Asymptotics of ¢(§). It follows from (i)—(iv) and (2.1)—(2.4), that, if v € (0, 2],
or v = 0+ and p # 0, then there exists 1y < v such that as p — 400,

1/2_71/7]-717:1;
1.

(215)  w(pe) = A0, e [0 m/2— 0]

(2.16) P(pe®) = d_e' T 1L O(p"), ¢ € [n/2 4 0,7];

(2.17) P(pe'?) = AT L O(p"), ¢ € [-m, —m/2-0];

(2.18) V(pe'?) = diep” +0(p"), @€ [-1/2+0,0].

Lemma 2.4. In each of Cases (i)-(iv), there exists By > 0 such that for any a > 0,
(2.19) ) =140

d(a —i&)v+(a + i&)v-

as & — oo in the complex plane with the cuts i(—oo, A_], i[A;, +00).



12 M. BOYARCHENKO, M. DE INNOCENTIS, AND S. LEVENDORSKII

Remark 2.5. For model classes, we have: if v > 1 and p # 0, then gy = v — 1; if
v e [0+,1) and p # 0, then Sy =1 —v; if v =1, then Sy = 1; if v > 1 and p = 0,
then By = 1;if v € (0,1) and p = 0, then Gy = —v.

Proof. The verification is straightforward but requires case-by-case study for ¢ €
[7/2 —0,0], ¢ € [m,7/2+0], p € [-7,—7/2 = 0] and p € [-7/2 + 0,0]. All 4 cases
being similar, we consider the third one. It follows from (2.9)—(2.10) that

d(a . if)y+ (a + if)y_ _ dpy_+V+€i[(37”+<p)u++(g+@)y,] + O(pyj—l)'

Since

(v —wvy) = (m+ @)V +7-,

|

3T s _
(T—l—go) vy + <§+90> vo=(m+p)v—
we have

d(a— i€)" (a +i€)"~ = d_c' "9 4 O(p5 7).
Comparing with (2.17), we conclude that (2.19) holds if v > 0. If v = 04 and p # 0,
then we take (2.11)—(2.12) into account, and obtain (2.19) for any £, < 1. O

3. GENERAL FORMULAS FOR BARRIER OPTIONS AND FIRST TOUCH DIGITALS

3.1. Down-and-out options. In this subsection, we consider a down-and-out bar-
rier contingent claim with barrier H, expiry date T, and terminal payoff function
G(z), which is a nonnegative measurable function on R. If, at any time ¢ < T prior
to expiry, S; = eX*, the price of the underlying, reaches or falls below H = e”,
the claim expires worthless. Otherwise, at expiry, the claim yields a payoff equal
to G(X7). The payoff function is non-negative and measurable. Contingent claims
of this type provide a common generalization of down-and-out barrier call and put
options. In particular, G(x) = (e* — K), (respectively, G(z) = (K — €%),) for a
down-and-out barrier call (respectively, put) option, and G(x) = Ly, i 4o0)(®) (re-
spectively, G(2) = 1 mk](x)) for the digital call (respectively, put), with strike
price K > H. For simplicity, we impose an additional regularity condition on the
Fourier transform of the payoff function, which is satisfied for down-and-out barrier
(European) call and put options:

(3.1) GO < O+ ¢])?

along any line Im¢ = w, with the exception of a finite number of omegas (indeed,
for puts and calls, G (€) has two poles at £ = 0, —i). Condition (3.1) excludes digital
down-and-out options with strike K > H and digital no-touch option with G = 1.
The latter case is, in fact, simper than the cases of the put and call options, as it will
be seen from the proof. In Appendix B, it will be explained how the proofs should
be modified to incorporate digital puts and call.

Finally, pricing the call option with K < H reduces pricing of the digital no-touch
option by an appropriate change of measure.
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The time-0 value of the barrier option with payoff G(Xr) is given by
z [, —rT
(3.2) V(T,z) =E [e G(XT>1{T,;>T}]7

where z is the current log-spot price of the underlying, h = In H, and 7, is the first
entrance time of the process {X;};>¢ into the interval (—oo, h].

As it is well-known, V/(¢,z), the Laplace transform of V(T z), can be calculated
more explicitly. Applying Fubini’s theorem, we obtain that V (g, ) is the value func-
tion of the perpetual stream G(X;), which is terminated the first moment X, reaches
the barrier or falls below it, the discounting factor being q + r:

. +o0 us
Viga) = / B [ G(X ) Ly oy )dt = B / e—@”)fc;(Xt)dt].
0 0

Before giving a formula for the last expectation, let us introduce some notation. First,
we define the supremum process X and the infimum process X of X by

(3.3) X, = sup X, X, = inf X,.

0<s<t 0<s<t

Given any ¢ > 0, we let T, ~ Expgq denote an exponentially distributed random
variable with mean ¢!, and we define operators 8; and £, acting on a nonnegative
measurable (or an arbitrary bounded measurable) function f on R as follows:

(3-4) & N =E[f(X7)], (& NH@)=E[f(Xy,)].

Writing explicitly the RHSs in (3.4) as expectations of integrals
+o0
(35 0w = B | [
0

(36) e = e[ - X)),

we obtain the interpretation of Eét as the expected present value operators (EPV-
operators), which calculate the expected present value of the stream, under the supre-
mum and infimum processes. Note that the EPV-operator &,f(z) = E*[f(Xr,)]
under the initial process is the normalized resolvent.

Lemma 3.1. We have
(37) V(Q7x) = (q + T>_1 (511_+r1(h,+00)g;_+rG) (fL')

Equation (3.7) was derived in [11] for regular Lévy processes of exponential type,
and in [7] for any Lévy process.
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It is evident from (3.5) and (3.6) that the EPV-operators £, admit the analytic
continuation into the open half-plane Req > —r, which is uniformly bounded (as a
family of operators in L>°(R)) in each closed half-plane Req +r > ¢ > 0. Hence,

~

V(q, z) admits the bound
(38) |V(Q7‘r)| < OU|Q+T|_1, Regq+1r > o,

where C, depends on ¢ > 0 but not on q. Now, one can use the inverse Laplace
transform and calculate the value function of the barrier option. To simplify the
result, we make the change of variable ¢ +r — ¢:

e—rT

(3.9) V(T,z) =

T — _
5 /Reqa g (E; Lnroo)E) G) ()dg.

To prove that the RHS in (3.9) is continuous as a function of 7' > 0, and derive the
leading term of asymptotics, we integrate by parts k times using e?’ dq = T~ 'de?”:

efrT

(3.10)  V(T,z) = T

/ eOF (¢ E; Lp4o0) & G) (2)dg.

Reg=0c

(In analysis, one says that the integral in (3.9) is understood as an oscillatory in-
tegral). For the wide class of Lévy processes described in §2.3, we prove that the
integrand on the RHS of (3.10) admits a bound via C|¢|~'~%, for some a > 0. For
positive ¢, this estimate with @ = 1 is immediate from (3.5)-(3.6) (differentiate un-
der the integral sign and change the variable ¢ = ¢t), but for complex ¢, the proof
is based on explicit formulas for the Wiener-Hopf factors ¢qi(f ), which we present
in Appendix C. We conclude that the integral in (3.10) converges absolutely and
uniformly in 7" > 0, and, therefore, V(T x) is a continuous function of 7" > 0.

3.2. Idea of calculation of the asymptotics of the price as r approaches
the boundary h = 0. We systematically use elements of the theory of generalized
functions collected for the reader’s convenience in Appendix A and representation
E(f = ngff(D) of the EPV operators as pseudo-differential operators with the symbols
¢z (&) (see Appendix C). The starting points is (A.2) with u = G = EFG =9l (D)G
and m = 1:

(3.11) Lo 1oG(q,") = G(g,0+)(1+iD)™'o
+(1+4D) Mo 100)(1 +iD)G(g, -).

Equation (3.11) is justified if, for each ¢ of interest, (1+iD)G(q, x) € H*(R) for some
s > —1/2. It will follow from (3.1) and estimates for ¢; (£), which we will derive,
that one can take any s < 1/2. Then, for any € > 0, the first and second term in
(3.11) belong to HY/27¢(R,) and H*?<(R.), respectively. We substitute (3.11) into
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(3.10) and consider the expression under the integral sign, before Q’; is applied:

(3.12) fla,)) = ¢ '6;(D)L0400G(g,")
= ¢ 'Glq,00)¢, (D)(1+iD)™"o
+q "¢, (D)(14iD) " (g 100y (1 +iD)G(q, ).
On the strength of (1.1), the symbol ¢, (§) of a PDO ¢ (D) = £, decreases as [£|™~

as § — oo in the lower half-plane. This implies that, for any s, ¢ (D) : H S(Ry) —
Ht-(R.) is bounded, therefore, ¢, (D)(1+iD)7'0 € Hv-H1/27¢(R,), and

(3.13) E7(1+iD) M g 1oy (1 +iD)G(q,-) € H=F3(R,).

It follows from the Sobolev embedding theorem that, for any ¢ > 0, the function in
(3.13) is O(z¥-*17°), and (¢, (D)(1+iD) " ")d(z) = O(x"~~°) as z | 0. Furthermore,
a more accurate study allows us to prove that

(3.14) (&, (1+iD)'6)(x) ~T(1+v_) 'g, 2",

q7oo

where ¢, > 0 is the asymptotic coefficient in (1.1), therefore, it is natural to expect
that the second term in (3.12) can be included in the O-term of the asymptotic
formula. To make this heuristic argument precise, we need to derive appropriate
estimates, which are uniform in ¢ in the half-plane Req > o, and, moreover, admit
integration.

We will prove that this idea works after integration by parts, which helps because
with each differentiation w.r.t. ¢, the functions involved decay faster (as ¢ — o0)
than before differentiation; the rate of decay w.r.t. £ either remains the same or
increases. In the result, we are able to prove that, if £ is large enough, then there
exist C, 0, p,s > 0 such that, as x | 0, uniformly w.r.t. ¢ in the half-plane Req > o,

0k (071 0,.Gla,04))

(3.15) (47, Loro)&) Gla) = " + R(k, q,x),

a Ml+wv)
where
(3.16) |R(k,q,x)| < Clg|~Pa=*.
It follows that
(3.17) V(T,z) = k(T)z"~ + O(z"~ "),
where

e’ Tak (~1,— A

(3.18)  w(T) = T ) (T /Req:a e’ 0, (q czﬁq,ooG(q,OJr)) dg.

We will also prove that for any k£ > 1, there exist C,s > 0 such that
(3.19) 105 (47" 030cG(a, 04))| < Cla| 7', Reg>o,
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hence, we can integrate by parts in (3.18) back and obtain (3.17)—(3.18) with k£ = 1.

In some cases, we will show that the EPV-operators é’qi admit the analytic contin-
uation into an obtuse sector of the form ¥, 4 = {q = o+ pe? | p € [0, 0]}, for some
6 € (r/2,7), and the bound (1.2) holds for ¢ € ¥,4. Hence, we can deform the line
of integration in (3.18) and obtain

e—rT

(3.20)  w(T) = PR ERTE T /82079 e o) (q’1¢;w@(q,0+)) dg.

Using (1.2) and the fact that e?” decreases exponentially as ¢ — oo along %, 9, we
can integrate by parts back and get (3.20) with k& = 0.

To calculate the second term of asymptotics, we start with (A.2) with m = 2, and
prove that all terms but the first one give contribution of order z*-17¢, for any € > 0.
If v €(0,2),r# 1, and u # 0, we are able to prove that

(3.21) (&, (1+iD)7'6) () ~ T(L+v-) "y 2™ + e(g)a” 1,

q7OO

where function ¢(q) depends on v and p. Since 0 < |v — 1| < 1, the second term in
(3.21) gives rise to the second term of asymptotics of the price.

3.3. First-touch digitals. In the same situation as before, let us now consider a
down-and-in first-touch digital option with maturity date 7" and barrier H. Let
V(T,z) denote the value of this option at time ¢t = 0, where x is the current log-spot
price of the underlying. Then

(3.22) V(T,z) =E*[e "™ L7, <1}]-

As in the case of the down-and-out option, we calculate first V(q,x), the Laplace
transform of V(7' x).

Lemma 3.2. We have V(q,2) = ¢ (€ L(—oop) (7).
Proof. In view of (3.22), we have

Viga) =& | [T ermetip ey it =5 e [T eta] = e feoeon],
Th

Now e~(@#)7 is a random variable with values in [0,1]. Introducing an auxiliary
variable A € [0, 1], we can write E” [e_(qJ”")Th} = fol E* [l{ef(quhz”} d\. Next, we
make the change of variables t = —(In\)/(q¢ + r) in the last integral (so that A =
e~ (@t and d\ = —(q + r)e~@tdt), which transforms it into

/ (q+r)e CE 1, <y dt.
0
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Using Fubini’s theorem and the fact that 7, < ¢ if and only if X, < h, we can rewrite
the last integral as
def

E* {/0 (q+ r)e_(qur)t]l{Lgh} dt} = Ew[ﬂ{XTquh}} = gq__;'_,,«(ﬂ(foo,h] (z)),
which proves Lemma 3.2. 0

Taking the inverse Laplace transform, and then using 1o = 1 — L( 400) and
the residue theorem, we obtain, for o > 7,

e—rT
V(T,x) = 27Tz'/R et (q — )15 ( OQh])(ac)dq
eq=0
e—rT B 3
- 1_ 27TZ /Req:a GQT(q_T) lgq (]l(h7+oo))($)dq

The integral above is of almost the same form as the one in the formula for the
no-touch digital option with the payoff function G(x) = 1 and G(q,04+) = 1, the
only difference being the factor (¢ — )~ in place of ¢g~'. Therefore, we obtain the
asymptotic formulas (1.5)—(1.6) for the first-touch digitals in the same way as the
corresponding formulas (1.4) and (1.3) for down-and-out options.

4. LEADING TERM OF ASYMPTOTICS: CASE v € (1,2]

4.1. Wiener-Hopf factorization for an sRLPE: Case v € (1,2]. For processes
of order v > 1, we will use the following construction®. Let ¢ > 0 be sufficiently large
so that (C.8) holds for the chosen [w_,w,], and ¢*/* > max{\,, —A_}. Define

q+v(n)
(4.1) Y(g,n) = (@77 + idilvy)— (g7 — idry)r
_ L+1(n)/q

(1+i(d/q)V*n)"- (1 —i(d/q) /v~
and set

1 §In (g, n)
(4.2) I*(q,6) = to s M(E —11) e
(13) g.6) = 2 g,

2m Im n=ws n— g

The integrals absolutely converge due to (2.19), and
(4.4) I*(q,6) = 1*(q,0) — I*(g.€).

This construction works for RLPEs of order v > 1 as well — see [11, Chapter 7]. In the case of
sRLPESs, the proof simplifies.
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It was proved in [11, Theorem 3.3] that

(4.5) g (€) = (LF i€ (d/q)"") ™ exp I¥(q, ).
If o is large enough, then, for any sRLPE, all the equalities above admit the analytic
continuation w.r.t. ¢ into the half-plane Req > o, for £ in the corresponding half-

plane. However, this improved representation is especially useful for ¢ in a sector
Yo, where 0 > 7 /2, if, for ¢ € X5 and £Im& > £,

(4.6) c(L+ [€l/lalV") ™= < (L Fig (d/g)"") 7| < C(L+[€]/[g]) 7,
where C,c¢ > 0 are independent of ¢,£. Hence, it must be the case that v > 1,
and § must be in (7/2,7/2). In order that I*(q,£) and I*(q, &) admit the analytic

continuation w.r.t. ¢ into 3, p, the § may have to be smaller. The next lemma states
that a # with necessary and sufficient properties exists.

Lemma 4.1. Let X be an sRLPE of order v € (1,2]. Then there exist 0 € (m/2, ),
o >0 and 0 > 0 such that

(Z) q-+ ¢(§) ¢ <_OO’ 0)7 Vq S 20,0’ v 5 < 20,5 U (_20,5);
(ii) Re(¢” FidV/"€) >0, Vq€ Spp, £Im¢ > Ful;
(111) (4.6) holds;
() functions I=(q,€) and the Wiener-Hopf factors ¢F(€) admit the analytic con-
tinuation w.r.t. (q,§) into Xgp x {&] £Im& > £wl }, and satisfy the bounds

(4.7) [1%(q.9)] < C,

(4.8) c(L+[€l/1al'") ™+ < g (O] < C(L+ [€l/lal" )™,

where ¢,C > 0 are independent of (q,§) € Yop X {§] £Im & > Fwl };
(v) for any positive integer p, and any € > 0, the partial derivatives agfi(q, €) and
8§¢ff(§) admit upper bounds

(4.9) 0015(q, )| < Cpelgl™,
(4.10) 0565 (€] < Cpelal (1 + l&l/lal") ™=,
where Cp . > 0 is independent of (q,§) € Yop x {&| £ Im& > Fw }.
For the proof, see Appendix F.1.

4.2. Convergence of the integral in (3.10). For v € (1,2], vy € (0,1}, and it
follows from (4.10) with sign “4+” and (3.1) that for any k € Z,, ¢ > 0, and a € [0, v4],

(4.11) 0565 (E)G(E)] < Cre(1+ [€) 1 q|*/ e,
where Cj . is independent of ¢ € £, and ¢ in the half-plane Im¢ > w’ . Therefore,

for k, a, e satisfying the same conditions, function G(q,-) := ESG = ¢F (D)G admits
the bound

(4.12) 105G (a,)1/24ae = O(la*" =),
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where || - |[s denotes the norm in H*(R). Letting a = 0 and using the Sobolev
embedding theorem, we conclude that aé“G(q, -) is continuous on (0,400), and has
the right limit at 0, which admits the bound

(4.13) 05 G (g, 0+)] < Crelal ™,

for any € > 0, where Cj . is independent of ¢ € X,y. Next, using general facts
collected in Appendix A, we deduce from (4.12), that, for any s € (—1/2,1/2) and

e>0, 851[[0,+OO)C~¥(Q, ) = O(|g|*™*) as an element of H*(R,).
Set fr(q,z) = 8§(q*18q*1[07+00)é(q, 1)) (note that fp is f introduced in (3.12)) and
denote by fi (¢, €) the Fourier transform of f; (g, #) w.r.t. . Using (4.12) and applying

(4.10) with sign “~”, we conclude that, if & > 1, then, for any €, € > 0, there exists
C¢ e such that
(4.14) (@, )] < Cror (1 + |€]) 7270+ g 2Hv=/v+e,

Since v_ € (0,v), (4.14) implies that the integral (3.10) absolutely converges and

defines a continuous function of T, with values in HY/2-=<(R,) c C*-—2¢(R.), for
any € > 0, by the Sobolev embedding theorem.

4.3. Calculation of the asymptotics of the price. Step I. We represent f; as the
sum f§ + fZ, where fi is the k-th derivative of j-term in (3.12) w.r.t. ¢, and denote
by fg(q, ¢) the Fourier transform of f7(g, ) w.r.t. . The same argument as in §4.2
shows that f,?(q, €) obeys an estimate similar to but stronger than (4.14):

(4.15) [FR(0: ) < Ceo (14 [ 727 g 20/

Hence, the inverse Laplace-Fourier transform (w.r.t. ¢ and &, respectively) defines a
continuous function of 7" > 0 with values in C***-~2¢(R,), which can be included
into the O-term of asymptotics. Thus, it remains to consider (3.10) with f! instead
of fk

Step II. Take s > 0. It follows from (4.10) with sign “~” and (4.13), that, for any
e >0and m >0,

(4.16) | Ligfe<jal fi (¢, €)] < Ceor (1 + €)7o g /ve

(with different C, ). Hence, if we take k > m + 1 and substitute the inverse Fourier
transform of 1jgs<iy fi(g, €) for fH(g, =) in (3.10), then we obtain a continuous func-
tion of T, with values in HY/2tv-+sm=¢ (R ) ¢ Cv-+sm=2¢(R_), for any ¢ > 0, which
decays faster than 2~ as x | 0 (for calculation of the second term of asymptotics
of the price and calculation of asymptotics of sensitivities, it may be important to
take m > 1, hence, larger k). Hence, we can continue the calculation of the lead-
ing term replacing fx(q,z) in (3.10) with f,i’s(q, x), the inverse Fourier transform of

Ligsiqlfi (4, €)-



20 M. BOYARCHENKO, M. DE INNOCENTIS, AND S. LEVENDORSKII

Step I1I. We take s € (0,v), and, for a multi-index p = (p1, p2, p3), define
(417) flp.gx) = q PP G(q, 04))(0E; ) (1 +iD)7'8)(x),

A

(4.18) f°(p,q.&) = q PO ((q/d)”‘/” exp[l (g, 0)]) oG (q,0+)g,_(x),
where
(4.19) gy ()= (1+iD)™ 16 = (1/T(v- + 1)) Lo oo) (x) 2" €™

Applying the Leibnitz rule to f}(g,z), we obtain a linear combinations of functions
fY(p,q,x) with |p| = k. Using the argument at Step II, we can replace f!(p,q,z)
with f1%(p, ¢, z), the inverse Fourier transform of Ljgjs> 1y f*(p, ¢ ).

Step I'V. In Appendix F.2, we prove the following lemma.

Lemma 4.2. Let X be an sRLPE of order v € (1,2), and let 6 € (7/2,7v/2) and
o >0 be as in Lemma 4.1. Let s € (0,v). Then, for any k € Z, q € ¥,9, and & in
the half-plane +£Im ¢ > +w=, such that |q| < [€]°,

(4.20) 05T (4, €)1 < Colé] ™ lal ™,

where Cs . are independent of (¢,€), and,

(4.21) 67 (€) = (¢/d)=/" (1 F i€) "= exp[I*(q, 0)] + Ru(g, ),
where Ri(q, &) satisfies the following estimate: for any e > 0,

(4.22) |04 R (g, €)| < Cpelal™/FHefg 7,

where Cy .. are independent of (¢, €).

This lemma implies that, if s is sufficiently close to v, then there exist C' > 0,
s; > 1 and sy > v_, independent of ¢ € 3,y and £ in the half-plane Im ¢ < «/,, such
that

(4.23) 7250, 0,€) = fO3(p, 0. €)| < Clgl ™ (1 + [¢]) 1.

Therefore, for any € > 0,
a2) [ () - O ) € HYR,),
Reg=0c

By the Sobolev embedding theorem, the integral (4.24) defines a function of class
C*27¢ for any € > 0, which vanishes on (—o0, 0]; hence, it tends to zero as © — 0
faster than z”-. It follows that the leading term of asymptotics does not change if

we replace fLS(pa q, {L‘) with fO,s(p, q, I)
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Step V. The same argument as at Step I shows that we can replace f%*(p,q, r) with
f%(p,q,x) (for details, see Appendix F.3). After that, we use (4.19) and derive the
asymptotic formula (1.4) with

dfu_/l/efrT
S 2mi (1 + v )(=T)

(4.25) w(T) /R ) 10, <q*1+”‘/”exp[f*(q,0)]@(q,0+)) dq.

We can deform the line of integration, integrate by parts back and obtain
dV,/Ve—TT

(4.26) K(T) = T

/ e == 17 explI= (g, 0)1G (g, 04)dg.
82079

5. TWO-TERM ASYMPTOTIC FORMULA: CASE v € (0,1), >0

Our aim is to prove the following two-term asymptotic formula for the price

(5.1) V(T,2) = <1 _ d’sin(y° + 7 /2)T (v — 1>£E1_")

T
e

S omi(—T)k

/R eqTﬁg(q_lej_(q’O)é(q, 0+))dg + O(z"~°).
eq=0
We start with necessary bounds for the Wiener-Hopf factors.

5.1. Bounds for ¢ (¢). If v € (0,1), x> 0, we have

A A

(5.2) ¢q (§) = exp[I™(q,0) — I (¢, €)],
where f‘(q, €) is given by

(5.3) (g6 = — Vg, m) g,

270 Jim =, n—<&

L+ym)/e _ a+v(n)

L—ipn/q — q—ipn

(see [11, Section 3.6.2]). If o > 0 is sufficiently large, then, for ¢ in the half-plane
Req > o, and all 7 in the complex plane with the cuts i(—oo, A_] and [\, +00), we

have ¢ + 1(n) € (—o0,0]. Hence, we can transform the line of integration in (4.3) to
the cut i[A;, +00), and obtain

(5.4) W(q,n)

A B 1 +oo ln@(qu)
(5.5) 1 ((Lg)_%/hr —Z+i§ dz,
where
(56) (g = LHHetviz=0) ., 4z-0) - 96z +0)

q+pz+Y9%iz +0) q+pz+yY9%iz +0)
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As z = 400,

d(le—im//Q _ dgeiwu/2

(5.7) O(q,2) =1+ 2027,

v
where f = min{1,2(1 — v)}, therefore

A

(5.8) I(0,6) = I () + R(4,),
where
R +00 Zu—l
5.9 ) = -0 dz,
(5.9) () | e
(5.10) a - _d(ie*””’/2 — d% e/ _ d®sin(y° + wv/2)
' - 27 i gy ’

W =argd}, dy = |d|, and R_(q,§) admits estimates

+oo —Bd
(.11) R@ol<c [ I sanri”

(if B = 1, then an additional factor In(1 + [£|) needs to be added; for simplicity,
below, we replace § = 1 with 8 € (1 —v,1)). To obtain bounds for the derivatives of
R_(q,€), we use

(5.12) 95 In®(q, z) = (1) [(g+puz+y"(iz—0)) P—(q+pz+¢°(i24+0)) 7], p>1,
which yields the global bound

(5.13) |08 In ®(q, 2)| < C(1+ |2])"(lg] + [2[) "7,

and, as a corollary,

+oo (1+|z])7d=
a o (al+=zDPr (gl + [2])

A bound for I (€) is immediate from (5.9):

(5.14) R (¢,6) < G, 5 < Clal" " (lal + €)%

(5.15) s (@I <Cc+eh,

and, finally, we derive the bounds for ¢ (£) and its derivatives:
(5.16) 6, (O < C,

(5.17) 956, () < Clal""(lal +1€)7%, p>1.

Notice that the bounds above are valid for ¢ in the half-plane Req > ¢ and ¢ in the
half-plane Im & > W’ .
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For ¢ (£), we use the Wiener-Hopf factorization formula:

q 1
q — ipé +9°(&) o7 (€)

which is valid in the strip Im & € [’ ,w/, ], and, therefore, derive estimates, for p € Z,
(5.18) o) < Clal/(lg —ipg] +[¢[")P

for £ in this strip (and ¢ in the half-plane Req > o).
It follows from (3.1) and (5.18) that, for any ¢ > 0 and p € Z,

(5.19) 105G (@, )| /2-c < Cplal*™.

g () =

5.2. Simplification: the first step. We start to distill the leading term of
L(0,4+00)G(q, ) in (3.10) using (B.1)

(5.20) Lio40)G(q,2) = (an"')(l"'ZD) '
+[G(q,04)(+0) + Galg,0+)](1 +iD) %6
(14 iD) g 4o0(2)(1 + D)X ()G (g, 2)
+(1 = x(2))G(g, ),

where xy € C*(R), x(z) =1,z < In K/3, x(z) = 0,z > In K/2. Denote by GG,(q, x),
J =1,2,3,4, the terms on the RHS of (5.20), and by V;(T, z) the function obtained
replacing Ly +00)&4 G, 2) = L(0,4+00)G (g, z) in (3.10) with GG;. Then

4

(5.21) V(T,z) =Y V(T ).

On the strength of the properties of the EPV-operator £, Vi(T,z) = 0 for z <
In K/2, hence, V4(T, x) has no impact on the leading term of asymptotics of V(T z)
as x | 0.

Next, for the standard payoffs and model classes of processes, xG(q,-) € C®(R).
Moreover, for any p,m € Z,

(5.22) 1102xG (g, ) < Cpmlal ™.

It follows that, for any € > 0, \q\p_lﬂ(0,+oo)8gx(~?(q, ) € HY>~¢(R) uniformly in ¢ in
the half-plane Req > o, and, on the strength of (5.16) and (5.17),

lq|'PPCGy(q,-) € HY*4(R,)

uniformly in ¢ in the half-plane Req > o. It follows that if £ > 2, then V5(T,-) €
H527¢(R,). Hence, for any ¢ > 0, V3(T,z) = O(22~¢) as = | 0.

Next, since (14iD)~25 € H32~¢(R.) for any € > 0, a similar argument shows that,
for any € > 0, Vo(T,x) = O(2'¢) as | 0. Thus, it remains to consider Vi (T, z).
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5.3. Second step: Study of Vi(T,z). From (5.2), (5.8), (5.11), (5.14) and (5.15),
(5.23) ¢, (E) 1+ = exp[I(q,0)](1 +i) 7 (1 = I3 (€)) + R——(4, ),

where R__(q,&) and its derivatives w.r.t. ¢ admit estimates of the same form as
R_(q,&) and its derivatives w.r.t. ¢ but with an additional factor (1 + [£])™! on the
RHS of bounds (5.11), (5.14). It follows that if we omit the last term on the RHS of
(5.23), then Vi (T, z) will change by the term of order O(z°~¢), for any € > 0.

So far, we have shown that if, in (3.10), we replace (€, 1 400)&) G) () with

G(q,0+) exp[I~(q,0)]((1 + D)6 — I (D)(1 +iD)™15),

(
the option price will change by O(z! E) for any € > 0. The first term gives the
leading term of asymptotics; since (14 4D)"18(x) = € "1 (g +00)(), the leading term
is a constant:

efrT s -

(5.24) R(T) = W/Req:o e 0y (q te! (q’O)G(q,0+)> dq,
and the next term of asymptotics equals

e—rT . -
(5.25) Vou(T', ) = F(iﬁ)m/R e’y (qflel (q’O)G(%OJr)) dg,

eq=o

where

1 e P e
(5.26) F(z) = -5 A et I (€)(1 + €)1 dE.

m :OJ+

Since the integral in (5.9) absolutely converges, and

+oo
NRES:

we can substitute (5.9) into (5.26) and apply the Fubini theorem

(5.27)  F(z) = Q. /;roodzz”_l%/l » dé e (2 44i€) 7M1 + &)™

v—1

dz < C(1+ &)

Rescaling if necessary, we may assume that 1 < A,. Then

(z+i6) 71+ = (= 1)TH(A+i&) ™" = (2 +i&) 7,
and, therefore,
1

o dg e (2 +i€) (1 +i€) T = (2 = 1) 7 e = e) Lgro0) (1),

Im {=w’,

and

+o0 Zufl
(5.28) F(z) = Q/A — (67" = 7)1, 400) (¥)dz.
+
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As x | 0, the integrand decreases to 0 pointwise, and it is uniformly bounded by
2~1/(z — 1), which is integrable, since v € (0,1). Hence, F(0+) = 0. Similarly, we
can differentiate under the integral sign w.r.t. z > 0 to get

z—1

+00 At —+00 e—zac _ e—a:
= / 2 ey — / 2 lem  dy + / A ———;
0 0 Ap z—1

Since v € (0, 1), the second and third terms are uniformly bounded w.r.t. z > 0, and
we obtain

+o0o —2x __ =X
Fl(2)/0. = / R
At

F'(z) =Q_T'(v)z™" + O(1).
Integrating, we find
(5.29) F(z) = -Q_T'(v — 1)z + O(x),
and, finally, arrive at (5.1).
5.4. A more accurate second term of asymptotics and the next terms. If

we do not resort to the simplification (5.8), we can use (5.5) directly, and, instead of
(5.25), calculate the second term of asymptotics as

(5.30) Vou(T, z) = L/ eqTa’f( el @O G (g, 04) F( x))d
. 01 ) - 27TZ(—T)k Reqeo q q Q7 Q7 Q7
where
(5.31) Plaw) =g [ e - el O)0+i) ds
. q, o —_— p q, .

In this case, the remainder is of order O(z'~¢), for any ¢ > 0, rather than of order
O(2°~¢). Furthermore, it can be shown that if, in (5.30), we replace F(q, ) with
F(1,x), the final result will change by O(z'~¢), for any ¢ > 0. If 2(1 —v) > 1,
this gives no real improvement but if 2(1 — ) < 1, then one can use the two-term
asymptotic expansion

1—exp[l~(1,&)] = —=17(1,§) = I (1,6)*/2+ O(|¢* )

(or even more than two-term expansion, if 3(1 —v) < 1). The same calculation as
the one leading to (5.28) now gives

1 T Ind(1
Ga)P(la) = —= [ R ey @)de 4 0@,

2me z—1
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and, should one wish it, the next term of the form

1 +o0 +0o0
(5.33) B(lLz) = — dz ln@(l,z)/ dz' In®(1,2")
81 Jx, A
1 .
X o dE € (2 + i€) 71 (2 + i€) TH(1 + i) !
27 Im §=w’,

added (and reduced to the double integral w.r.t. dzdz'), instead of the O(x20~)) in
(5.32); then the remainder in (5.32) will be of order O(2*!=*)). Both expressions in
(5.32) and (5.33) can be evaluated up to errors of order O(z'~¢) using the asymptotic
expansion of ®(1,z) as z — +o0.

6. TWO-TERM ASYMPTOTIC FORMULA: CASE v € (1,2),u#0
6.1. Reduction to the case v_ = 0. We start with formula (3.10), and introduce
V(T,z) = (1 +iD)"~V(T,z) and ¢, (§) = (1 +i&)" ¢, (§). Then

- e—rT

(6.1) V(T,z) = Smi(—T) /Req:a "0, (q_lgt;(D)ﬂ(O,Jroo)é(%a:)) dq.

The idea is to calculate the asymptotics of ‘7(T, x) as we calculated the asymptotics
of V(T,x) in the case v € (0,1),u > 0, with certain modifications, and derive a
two-term asymptotic formula of the form

(6.2) V(T,z) = 5(T) + 7 (T)z" ' + O(z" 07,z |0,
where f = min{1,2(rv — 1)}, € > 0 is arbitrary, and

- T g—v-/v aTak [ ~14v_ /v _1=(q0) A
(63) Ii(T) = m Reqo e 8(] (q e ’ G(q7 .'L’)) dq7
~ o —L (1 = v)usin(y + mv/2)

(64)  F(T) = R(T)

md
Assuming that (6.2) has been proved, we rewrite (6.2) in the form
V(T,z) = R(T)e ™ 10, 400) () + E1(T)2" e ™ L0 400) () + O(2" P71 g 400y (),
apply (1 +iD)~"~, and obtain
(6.5) V(T,2) = K(T)(1+iD)™" e "1(0100) ()
R (T)(1+iD) ™ 2L g (1)
+(14iD)™"O(x" 7™ 1 (g 100 ().
Since (14 4D)~"~ is an integral operator with the non-negative kernel

T(vo) a1 (@),
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we can interchange the O-sign and (1 +4D)7"~ in the last term in the RHS of (6.5).
Further, for a > 0,

(6.6) Faose (2971 10,000 (7)) = Ta)(1 +i€) ™,
where F,_,¢ denotes the Fourier transform, therefore,
: —v_,a—1_—x I'(a atv_—1_-—x
(6.7) (1+iD)™" 2" e (g0 () = F(%)y_)x e T 0,00y (2).

Applying (6.7) to (6.5), we derive

(6.8) V(T,z) = %xh ’/;1((5—?_1;(3) PVl O (g e

Using (6.4), we simplify (6.8)

6.9)  V(T,x) % ”
% (1 _ psin(y +7v/2)P(1 = v)P()I(1 + V)x”_1>
I'(v+v )wd

_}_O(xl/,—l—l/—l—i—ﬁ—e)

6.2. Proof of (6.2). We start with (6.1). Evidently, ¢_ () admits estimates of the
same form as ¢, (§), with an additional factor (14 [¢])”~ on the RHSs, and the same

is true of the derivatives of (Zq_ (€). Therefore, a straightforward modification of the
constructions used to calculate the two-term expansions in the case v € (0,1),u >0
(we must add the factor |g|"~/**¢ in the estimates for the minus-factor, and replace
the factor |g| with the factor |g|*+/**¢ in the estimates for the plus-factor, where € > 0
is arbitrary) now gives

- efrT

V(Ta) = oo /R . e (q*é(q, 0+)d, (D)(1 + z'D)*l(s(x)) dg
(6.10) +0(z'7¢), Ve>0.
We represent
¢y (D)(1+iD)'6(x) = (L+4iD)"~~"(1+4D(d/q)"")™"~
x expll~(¢,0) = I~ (g, D)]o(),
where f’(q, €) is given by (4.3), in the form
6y (D)(1+iD)"'d(x) = (g/d)"~"" expl[I~(¢,0)](1 +iD)'5(x)
(6.11) +(q/d)"~" exp[I ™ (¢,0)](1 + D)~ (1 — exp[I (g, D)))d(x)
+(q/d)"~"" exp[I~(q,0) — I (g, D))(1 +iD)™"
x [(1+iD)"~((q/d)"" +iD))™ — 1] §(x)
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Function
F3(a:€) = (a/d)"~"" explI~ (¢, 0)~1" (¢, )] (1+i€) " [(1 +i&)" ((g/d)"" + &))" — 1]
admits the global bound via C|q|"-/*(1 + [£])7!, and its derivatives w.r.t. ¢ admit
the bound

107 f3(, )] < Coclg™ "7 (1 + )
for any € > 0. On the set |q| < |£]¥, f3(q, €) admits the bound via C|q|"~/**(1+]£]) 72,

and its derivatives w.r.t. ¢ admit the bound

105 f3(a, €)] < Cyela= 177 (1 + |¢]) 2,

for any e > 0. Denote by V3(T,x) the function defined by (6.10) with fs(q, D)
substituted for ¢_ (D)(1 +1D)~L. Tt follows from the bounds, which we just obtained,
that Vs(T,z) = O(z1~¢), for any € > 0. Thus, we can disregard the last term in
(6.11).

Denote by Vo(T',z) the function defined by (6.10) with (q/d)"~"" exp[I~(g,0)](1 +
iD)~'(z) substituted for ¢, (D)(1+4D)~". This is the leading term of asymptotics:

Vo(T, ) = R(T)e 10 100 ().

Similarly, since I (q,€) = O(J¢]'™7), and the estimates for the derivatives w.r.t. g are
even better: additional negative powers of |g| appear, the second term on the RHS of
(6.11) gives rise to the second term of asymptotics, of order O(x'~*)7. Furthermore,
if we replace 1 — exp[I~ (g, D)] with —I~ (¢, D), then an additional error term in the
asymptotic formula will be of order O(2z2(1=*)=¢), for any ¢ > 0. Thus, for any € > 0,

V(T,x) = Vo(T, x) + Vi(T, x) + O(2"~),
where f = min{2(v — 1), 1}, and

~ e’ aT ok [ —1/7 v—/v 17 (q,0)
(612) ATo) = sty [ o0k (4 Gla 04 /e 0 Flg.2)) i
e q=0o
where
(6.13) F(g,z) = —(1+iD)"'I (g, D)s(x)
1 . .
= o e e (1 +i€) "' (g, €)dE,
and
(6.14) (g6 = -1 ¥,

2mi Imn=w4 n— 6

Mrv—1< 1/2, then, similarly to the case v € (0,1), 4 > 0, one can derive a rather complicated
third term as well, of order O(z2(1~¥))
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Assuming that X is an sRLPE, we can transform the contour of integration into

L, 5= {z=iw, +pe | p>0,¢ = Gord=m— é}, then the integral becomes an
absolutely convergent one, and since
A 1 In¥(q,n) -
1 < — ——dn < (C(1 Y
ol < g PR mscurian
we can substitute (6.14) into (6.13) and change the order of integration to obtain
1
(6.15) Fg.z) = —2—/ dn In ¥ (q,n)
™ Jr ~
w+,9
1 )
X5 dé e (1 + i)~ H(—in +i&) ™t

Imé=w/,

Define Vig(T, x) by (6.12) with F(1,z) instead of F(q, z).

Lemma 6.1. For any ¢ > 0, V(T z) — Vio(T, ) = O(z~°).

Proof. 1t suffices to prove that for any p € Z and ¢ > 0,

(6.16) 0017 (g,)] < Cpela" P (1 + |€) 7

If C' > 0 is sufficiently large, and || > C|q|'/¥, then
[U(q, )/ ¥(L,n) — 1| < Calg"" (L + [n) ",

where O is independent of these (¢, 7), and on |n| < Clq|*/?,

[W(q,n)/ ¥ (L n)| < Cilgl.
The two estimates just obtained and integration in (6.14) over the deformed contour
L, g give (6.16) with p = 0. If p > 0, we use
0 10 (g, m)| < Cyla" (g + |nl) ™"
O

6.3. Calculation of the second term. Thus, it remains to calculate the leading

term of asymptotics of Vio(T, ). Rescaling if necessary, we may assume that 1 < w,.
Then we calculate the inner integral in (6.15) (multiplied by 1/(27)) as

(14 in)~ (™ —e™™),

and obtain

1 InW(1, ) (e — @
(6.17) F(l,x):—/ n @™ =),
2m J, 1+

L/J_)'_,
Recall that InW¥(1,n) = O(|n|=?), where 8 = min{1l,» — 1}. Hence, in (6.17), the

absolute value of the integrand is bounded by an integrable function, which is inde-
pendent of x, and converges to 0 point-wise as z | 0. We conclude that F'(1,0+) = 0.
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A similar argument shows that we can differentiate under the integral sign in (6.17)
and obtain

1 In W(1,n)(ine™ 4 e~*)

F,(l,x) = —— . d
(1,2) 2 Jp, 1+1in 1
w+,9
1 ,
(6.18) = —— InW(1,n)e™dn + O(1).
2 L, 5
wy,

We deform the contour of integration in (6.18) further and integrate over the cut in
the upper half-plane

1 [ W(1,iz —0)
6.19 Fo(l,z) = — In——2 ) =g O(1),
(6.19) (1,2) 2m/A+ "Mt oW
We have
U(l,iz —0) wz Wz

In +O(2"717).

U(l,iz+0) ¢90iz—0) ¢O%iz +0)
Since v > 1, d%. = dy, and, therefore, as z — +o00,
PO>iz £0) = d%eT™/?2" (1 + O(278) = de* 0™/ (1 + 0(2 7)),
we obtain ( ) ( )
v(l,iz—0 psin(y +mv/2) _
’ = Y(1+0(z77)).

" U(1,iz 1 0) d @ (+0GET)
Substituting into (6.19) (and, if 3(1 — v) > —1, making an additional asymptotic
expansion in the O-term), we find

_psin(y +7v/2)I'(2 —v) o2

F,(1, 0O(1),
(1,2) - +0(1)
and then, integrating,
i 2)I'(1 —
F(Ll’) — _NSIH(’V—'—TFV/ ) ( V)JIV_1+O($).

mwd
Finally, substituting into F(1,x) into (6.12) in place of F(¢,x), we obtain
ViolT, 2) = 7y (T)e" L + O(x),

where %1 (7T) is given by (6.4), which finishes the proof of the two-term asymptotic
formulas (6.2) and (6.9).

7. TWO-TERM ASYMPTOTIC FORMULA: CASE v € (0,1),1 <0

In this case, v = 1. As in the case v € (1,2), the first step is the reduction to
the case v_ = 0. After that, the calculations are essentially the same as in the case
v € (0,1),u > 0, only this time we will have to use the Wiener-Hopf factorization
and estimates for ¢ (&) in order to derive the estimates for ¢, (&), which we need.
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7.1. Reduction to the case v_ = 0. We start with formula (3.10), and introduce
V(T,z) = (1 +iD)"-V(T,z). Then (6.1) holds, with ¢, (§) = (1 +i&)¢; (§). In the

following subsections, we will prove that
(7.1) V(T,z) = 5(T) + 7 (T)z"™" + Oz ="+, =z |0,

where 8 = min{1,2(1 — v)}, € > 0 is arbitrary, and

e—rT

7.2 R(T) = , / edToF (efﬁ(q’o)é’ q,0+ ) dq,
T2 M T T e @0%)
~ T —1)d"sin(y° + 7v/2
(7.3) AT = mr) L= D4 sinG /2)
T

Assuming that (7.1) has been proved, we find V(T z) integrating the ordinary differ-
ential equation V,(T,z) + V(T,z) = V(T,x) subject to V(7,0) = 0, with parameter
T, and derive

(7.4) V(T,2) = #T)x (1 n d’sin(y° + v /2)T(v — 2):761_”) O ),

T

7.2. Bounds for (;5;[(6 ). The calculations in this section are mirror reflections of the
calculations in §5.1. We start with

(7.5) 64(€) = exp[I7(q,0) = I*(q,€)],
where

A 1 A~ lnd®(q, 2)
(7.6) I(q,¢) = 9 /_OO Tz’fd'z’

and ®(q, z) is given by (5.6). However, only the resulting bounds but not asymptotic
expansions obtained in this way are useful here: indeed, we will get the asymptotic
expansion of ¢ (£) for £ in the half-plane Im ¢ > W’ , whereas we need the asymptotic
expansion of ¢, (§) — if not in the lower half-plane Im { < w’,, which turns out to be
impossible — then in the strip Im¢ € [w’,w’ ]. The bounds, which we obtain in this
way are mirror reflections of (5.16) and (5.17):

(7.7) 658 < C,
(7.8) 0565 (O < Clal"P(lal +1e)7% p>1.

Notice that the bounds above are valid for ¢ in the half-plane Regq > ¢ and ¢ in the
half-plane Im ¢ < /', .

For ¢ (§), we use the Wiener-Hopf factorization formula:

_ q 1
g —ip€ + P08 oF (€)

g (€)
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which is valid in the strip Im¢ € [w’ ,w! ], and, therefore, derive estimates

(7.9) 0, ()] < Clal/(lql + I€]),
(7.10) 0565 (O < Clal/(lal + I€))™

for £ in this strip (and ¢ in the half-plane Req > o).
We will use ¢ (§) = (1 +1i§)¢, (§) instead of ¢ (£); evidently,

(7.11) [0, ()] < COL+IEDlal/(lal + 1),
(7.12) 026, (O < CO+IEN]al™/(lal + [€])*

7.3. Simplification: the first step. We simplify ‘7(T, x) almost exactly as we
simplified V(T x) in §5.2. We start with (5.21) with additional tildas atop of V'’s.
The first, quite harmless, deviation is an additional factor |g| in the bounds for G and
its derivatives because the bounds for gb;r(f ) have this additional factor as compared
to the case 1 > 0. The next one is more serious. Since the bounds for ¢_(£), hence,
for ¢ (£), are available in a strip but not in a half-plane, we can prove that the terms
Vi(T,z), j = 2,3, in (5.21) give contribution of class H*?~¢(R,) for any € > 0, but
not of class H%/ 27¢(R,) for any € > 0. Therefore, at this stage, we cannot state that
the error resulted from the omission of these terms is of order O(z'~¢), for any € > 0.
Similar reservation must be made at the next stages of simplification. However, we
will end with the formula with the two leading terms supported on [0, +00), and the
error terms of class C'~¢(R) U C20~¥)(R). Since the sum is supported on [0, +00),
the error term also does, and, therefore, the final conclusion will be the same.
Thus, at the end of Step 1 we obtain that it suffices to consider

- —rT N
‘/I(T’ I) m /Req:a eqTa(]; <q_1G(q’ 0+)
1 L~
(7.13) X% e e’xggb;(g)(l +i§)_1d§> dg.

Note that ¢ (€)(1 +i€)™" = ¢, (€).

7.4. Step 2. The same consideration, which we used to calculate the leading term
of asymptotics, shows that, if k is sufficiently large, then, for any s € (0,v), we may
introduce the factor 1j,<j¢s under the integral sign, at the cost of an error of class
H?3?~¢(R). But on the set |¢| < |£|*, we can use the standard improved formula for
the Wiener-Hopf factor to find an efficient formula for the asymptotics of ¢ (§); in
the vicinity of ¢ = i€, an efficient estimate does not exist. The standard formula is

(7.14) by (€) = (1 —ip&/q) " exp[I~(q,0) — I (q,9)],
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where 17(g,€) is given by (5.3). Note that 1) to use (5.3), we will need to take
wiy < min{1l/(—p), A+ }; 2) if 6 > 0 is sufficiently small, then we can transform the
line of integration in (5.3) into the contour

L

Next, we represent ¢, (£) in the form

;={n=1iw, +pe® | p>0,0=m—0or p=0}

wy,0

&, (&) = (q/(—n))exp[I~(q,0)](1+i&)™"
—(q/(—p)) exp[I (g, 0)](1 + &)~ 1 (1,€)
—(q/(—p) exp[I (g, 0)](1 + &) "I~ (q,€) — I (1,9)]
+(q/(—p) explI (g, 0)](1 +i&) ™" (1 — exp[I (. )] + I (q.€))
+(g/(—p) exp[I~(q,0) — I (q, O)][(—q/p +i&) " — (1 +i€) 7],

and notice that, on the set (defined by) |q| < [£|%, all terms on the RHS but the
first and second ones, and their derivatives of order p, admit estimates of the form
O(|g|*=P(1 + [€])717F+¢), where 8 = min{2(1 — v), 1} and € > 0 is arbitrary.

As in the cases v € (0,1),ux > 0, and v € (1,2), which were considered in the
preceding sections, the first two terms give rise to the leading term and second term
of asymptotics, denote them Vyo(7', z) and V11 (7T, z). Substituting into (7.13), we find
the leading term of the asymptotic formula (7.1):

~ _TT ~
Fulln) = sy ], (6o
X% e (q/ (=) expl[I (g, 0)](1 + ié)‘lds‘) d
Im €=w’,
(7.15) = %(T)e_xﬂ_(07+oo)($),

where K(T') is given by (7.2), and

efrT

Vn(T,2) = ———0 "9k (47 Cla,0
11( ,I‘) 27TZ(—T)k /Req:o-e e \ 4 (q) +)
1
27 Imé=w’,
Define F'(x) by (5.26). The asymptotics of F'(z) has been calculated in the case > 0
already. Since the sign of p is not important in these calculations (although condition

p # 0 is crucial), we can use (5.29) and (5.10). Substituting (5.29) into (7.16), we
find

(7.16) ¢ (q/ (=) explI (g, 0)] (=1~ (1,€)(1 + if)_1d€> dg.

d?sin(? + w/2)

't
which is the second term in the asymptotic formula (7.1).

Vi (T,z) = —D(v — 1) R(T)z'™ + O(x),
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8. NUMERICAL EXAMPLES

The following figures show numerical results for various types of processes and
different choices of parameters. The “exact” prices were calculated using the method
of [6, 7]. In all the examples listed the drift u was determined by the EMM condition,
which results in zero dividend rate. We consider the same down-and-out barrier put
as in the Introduction, with barrier level H = 2100 and strike K = 3500. For
each example, the rescaled price V/H is plotted, which means that the barrier is
taken as a numeraire: H = 1, as throughout this paper. Some of the examples
are taken from the literature, some are artificial, to illustrate the main qualitatively
different cases. In each example, in the left panel, we plot the “exact price” calculated
using Carr’s randomization and the operator form of the Wiener-Hopf factorization
method, the leading term of asymptotics, and, whenever available, the second term
of asymptotics as well. In the right panel, we plot relative errors of the asymptotic
prices w.r.t. the “exact one”. It is natural to expect that the “exact prices” have
most serious errors near the barrier, whereas the asymptotic prices are especially
accurate near the barrier. The numerical examples indicate that the relative error of
the leading term of asymptotics w.r.t. the “exact price” is very small near the barrier
(less than 1%), which means that Carr’s randomization together with the operator
form of the Wiener-Hopf factorization method [6, 7] is very accurate indeed. The
second term of asymptotics is necessary to reproduce (approximately) the shape of
the price curve in the case, when the price is discontinuous at the barrier, and the
leading term of asymptotics is a constant (the limit of the price as the underlying
approaches the barrier). In other cases, the two-term asymptotic formula improves
the performance of the one-term asymptotic formula but, typically, the improvement
is not substantial. The reason is a rather complicated structure of the characteristic
exponents of the majority of the standard Lévy models.

8.1. NIG model. For a NIG model, the agreement between the “exact price” and
asymptotic price should be the best, and so it is. See Fig. 3a-3b, where we reproduce
the same example as in the Introduction but with an additional panel for relative
errors. The reader may notice that the relative errors are very small at a distance up
to several percent from the barrier.

The quality of the asymptotic formula should be the best in this case, because the
characteristic exponent of a NIG is especially well-behaved from the point of view of
asymptotic analysis: as & — oo in an appropriate strip of the complex plane,

(8.1) (&) = Yoolé] + O(1),

hence, the order of the O-term is less than the order of the leading term by 1; for other
classes of Lévy processes of infinite activity, the difference of orders is smaller. But the
asymptotic expansion of the symbol of the operator (in our case, r — L = r + (D)),
at infinity, translates into the asymptotic expansion of the solution of the boundary
problem (here, the price), near the boundary (barrier). In more detail, in the case
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FIGURE 3. Example from [23] (same as in the Introduction), calibrated to market
prices of vanilla options on Stoxx50E. NIG with a = 8.858, 8 = —5.808, § = 0.174,
=~ 0.1607, riskless rate r = 0.03, T = 0.25.

of NIG, both the jump part and the drift part are of the same order 1, and both
are taken into account in the formula for the leading term of asymptotics of the
characteristic exponent, hence, the Wiener-Hopf factors, hence, the price; for other
classes of Lévy processes of infinite activity, either the jump part is the principal one,
and the “drift term” is subordinate, or the other way round.

The next observation is that, very close to the barrier, the “exact price” is lower
than the asymptotic one, which is natural because the effects of truncation and piece-
wise linear approximation in the pricing algorithm should lead to smaller prices,
especially near the barrier. Hence, this example is in the perfect agreement with
the theoretical expectations. Notice also, since the drift term is incorporated in
the formula for the leading term of asymptotics, we cannot derive a simple two-term
asymptotic formula for this case. However, this disadvantage is an advantage, in fact,
because the two-term asymptotic formulas, which we derived, try to compensate for
the failure of the leading term to take properly into account either the drift term
(for processes of order v > 1) or the jump term (for processes of order v € (0,1));
but, in addition to this second term, one can derive several more terms, which can
significantly influence the price. This effect can be inferred from the following figures.

8.2. Processes of order v € (1,2). The next series of examples, for processes
of order v € (1,2), is more difficult to analyze because of the non-trivial interaction
between the jump part (which, at the level of the infinitesimal generator, is the leading
part) and the “drift part”. For simplicity, we consider only the case d%. = d° = d,
which includes NTS Lévy processes and symmetric KoBoL (a.k.a. CGMY) of order
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v € (1,2). In this case, the characteristic exponent has the following asymptotics

(8.2)

as & — oo in an appropriate strip around the real axis.

VIH

VIH

U(§) = d°l¢]” —ipg +O(1),
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FIGURE 4. KoBoL with v = 1.25, A_
rate r = 0.03, T' = 0.25.
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FIGURE 5. KoBoL with v = 1.5, A\_ = —5,

riskless rate r = 0.03, T' = 0.25.
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Ay = 10, ¢ = 0.05, u ~ —0.1685,

is: the quality of the asymptotic formulas improves as the order v increases, and the
“drift” p is getting smaller relatively to the parameter d. If v — 1 is small, then, in
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principle, one can derive additional terms of asymptotics, and improve the quality
of the asymptotic formula. However, if the “drift parameter” pu is relatively large
w.r.t. d°, as in Fig. 5a-5b, then the difficulties are similar (and more serious) as in
the theory of ordinary differential equations with a small parameter, where simple
asymptotic formulas cannot work well, and more complicated asymptotic formulas
must be derived®.

8.3. Processes of order v € (0,1). For simplicity, we consider only the case di =
d® = d, which includes NTS Lévy processes and symmetric KoBoL (a.k.a. CGMY)
of order v € (0,1). If 4 = 0, then the quality of the asymptotic formula is similar
to, but worse than the quality of the asymptotic formula for NIG because the order
of the O-term in (8.2) is less than the order of the leading term by v < 1. See Fig.
6a-6b.

0.2
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0.18f| - - — asymptotic ) or

0.16f -0.05
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0.12} S 0.5}
R @
S oaf 2 o2}
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0.04} 035}
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o . . . omsl—o
0 0.005 0.01 0015 0.02 0.0020.004 0.006 0.008 0.01 0.0120.014 0.016 0.018
In (S/H) In (S/H)
(A) Price (B) Relative error
FIGURE 6. Example from [7]. KoBoL with v = 0.5, A\_ = -8 A\, =9, ¢ =1,

=0, riskless rate r ~ 0.072309571491738, T' = 0.25.

If i # 0, then we can derive two-term asymptotic formulas; naturally, the quality
of the asymptotic formulas is good if |u|/d° is large. If || is small relatively to d°,
then we are in an uncomfortable situation of the operator with a small parameter.
We start with three examples taken from the literature; in all three cases, the drift is
from the boundary, and the discontinuity of the price at the barrier is uncomfortably
large.  We do not plot the leading term of asymptotics, which is a constant; the
reader can easily infer its value from the graph. See Fig. 7a-7b, 8a-8b, and 9a-9b.

8As the matter of fact, the proof of the asymptotic expansions in this paper contains these
complicated formulas at one of the intermediate steps; but these formulas involve the inverse Fourier
transform and are difficult to calculate.
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FIGURE 7. Example from [1]. KoBoL with v = 0.5, \_ =10, A, =2, ¢ = 0.5,
1~ 0.3257, riskless rate r = 0.05, T' = 0.25.
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FIGURE 8. Example from [1], calibrated to vanilla options on Ford. KoBoL
with v = 0.5, A_ = —11.0187, AL = 1.9458, ¢ = 0.6506, p ~ 0.4356, riskless rate
r=0.03, T = 1.5.

In the case of the negative drift, the behavior of the price near the barrier is similar
to the behavior of the price in the BM model. See Fig. 10a-10b and 11a-11b. Note
that in Fig. 10a-10b, the dr